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Abstract

In this paper, a strong convergence theorem for nonexpansive mappings in a uniformly convex and smooth Banach
space is proved by using metric projections. This theorem is different from the recent strong convergence theorem due
to Xu [H.K. Xu, Strong convergence of approximating fixed point sequences for nonexpansive mappings, Bull. Aust.
Math. Soc. 74 (2006) 143-151] which was established by generalized projections.
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1. Introduction

Let C be a closed convex subset of a real Banach space E and let 7 : C — C be a nonexpansive mapping.
Strong convergence theorems for nonexpansive mappings have been investigated with implicit and explicit
iterative schemes; see Browder [2], Halpern [5], Reich [9], Takahashi and Ueda [13], Wittmann [14] and Shioji
and Takahashi [10] etc. On the other hand, using the metric projection, Nakajo and Takahashi [7] introduced
the following iterative algorithm in the framework of Hilbert spaces: xo = x € C and

Vo = Xy + (1 — o) Ixy,
Co={zeC:llz=p,ll <llz—xll},
0,={z€C: {x, —z,x—x,) = 0},

xn+1:PCnﬂQ,,xa n:Oalaza"'7

(1.1)

where {a,} C [0,a],00 € [0,1) and Pc,np, is the metric projection from a Hilbert space H onto C, N Q,. They
proved that {x,} generated by (1.1) converges strongly to a fixed point of 7. The authors [6] extended Nakajo
and Takahashi’s theorem to Banach spaces by using relatively nonexpansive mappings.
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Xu [15] recently introduced the following iterative algorithm in the framework of Banach spaces:
X0 =x € C and

C,=co{ze C:|z—Tz|| < t,||x, — Txi||},
D,={zeC:{x,—zJx—Jx,) = 0}, (1.2)

Xnt1 = HC,,ﬂD,,xv n= Oa 17 25 R

where coD denotes the convex closure of the set D, {¢,} is a sequence in (0,1) with 7, — 0, and I p, is the
generalized projection of E onto C, N D, (see Alber [1] for generalized projections). Then, he proved that {x,}
generated by (1.2) converges strongly to a fixed point of 7.

In this paper, motivated by (1.1) and (1.2), we introduce the following iterative algorithm for finding fixed
points of nonexpansive mappings in a uniformly convex and smooth Banach space: x, = x € C and

C,=co{ze C:|z—Tz|| < tu||lx, — Tx,||},
D,={zeC:{x,—z,J(x —x,)) = 0}, (1.3)
Xpy1 = Pe,ap,x, n=0,1,2,...,

where Pc,np, is the metric projection from £ onto C, N D,. We first prove that the sequence {x,,} generated by
(1.3) is well-defined. Then, we prove that {x,} converges strongly to Pr(r)x, where Pz is the metric projection
from E onto the set of all fixed points of T.

2. Preliminaries

Throughout this paper we denote by N the set of all positive integers. Let E be a real Banach space and let
E” be the dual of E. We denote the value of x* € E* at x € E by {x,x*). When {x,} is a sequence in E, we denote
strong convergence of {x,} to x € E by x, — x and weak convergence by x, — x. The normalized duality map-
ping J from E to E* is defined by

Jx) = {x" € E": (r,x") = |x|” = |¥°|"}
for all x € E. Some properties of the duality mapping have been given in [4,11,12].

A Banach space E is said to be strictly convex if ||3*|| < 1 for all x,y € E with [|x|| = ||y|| = 1 and x # y. A
Banach space E is also said to be uniformly convex if lim,_. . ||x, — y,|| = 0 for any two sequences {x,} and {y,}
in E such that ||x,|| = ||y,]| = 1 and lim,_ . ||x, + »,|| = 2. We also know that if E is a uniformly convex Banach
space, then x, — x and ||x,|| — ||x|| imply x, — x. Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then the
Banach space E is said to be smooth if

e
t—0 t
exists for each x,y € U. Let C be a closed convex subset of a reflexive, strictly convex and smooth Banach
space E. Then for any x € E, there exists a unique point x, € C such that

I = x| = min 7 — x].

The mapping P¢ : E — C defined by Pcx = xq is called the metric projection from E onto C. Let x € E and
u € C. Then, it is known that u = Pcx if and only if

=y, J(x—u) >0 (2.1)

for all y € C [1,8,11,12].

Let C be a closed convex subset of a Banach space E. A mapping T : C — C is said to be nonexpansive if
I7x — Ty|| < |Ix — y|| for each x,y € C. We denote by F(T) the set of fixed point of 7. The following proposi-
tion was proved by Bruck [3].

Proposition 2.1 (See [3]). Let C be a closed convex subset of a uniformly convex Banach space. Then for each
r >0, there exists a strictly increasing convex continuous function y:[0,00) — [0,00) such that y(0) =0
and
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