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Abstract

This paper deals with p-Laplacian systems

ut � divðjrujp�2ruÞ ¼ a
R

X ua1ðx; tÞvb1ðx; tÞdx; x 2 X; t > 0;

vt � divðjrvjq�2rvÞ ¼ b
R

X ua2ðx; tÞvb2ðx; tÞdx; x 2 X; t > 0

(

with null Dirichlet boundary conditions in a smooth bounded domain X � RN , where p; q > 1, ai; bi P 0; i ¼ 1; 2, and
a; b > 0 are positive constants. We first get the non-existence result for a related elliptic systems of non-increasing positive
solutions. Secondly by using this non-existence result, blow-up estimates for above p-Laplacian systems with the homoge-
neous Dirichlet boundary value conditions are obtained under X ¼ BR ¼ fx 2 RN : jxj < RgðR > 0Þ. Then under appropri-
ate hypotheses, we establish local theory of the solutions and obtain that the solutions either exists globally or blow-up in
finite time.
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1. Introduction

In this paper, we investigate the following non-local quasilinear degenerate parabolic system in a smooth
bounded domain X � RN ðN P 1Þ:
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ut � divðjrujp�2ruÞ ¼ a
Z

X
ua1 vb1 dx; ðx; tÞ 2 X� ð0; T �;

vt � divðjrvjq�2rvÞ ¼ b
Z

X
ua2 vb2 dx; ðx; tÞ 2 X� ð0; T �;

uðx; tÞ ¼ vðx; tÞ ¼ 0; ðx; tÞ 2 oX� ð0; T �;
uðx; tÞ ¼ u0ðxÞ; vðx; tÞ ¼ v0ðxÞ; x 2 X;

ð1:1Þ

where p, q > 1, ai; bi P 0; i ¼ 1; 2 and a; b > 0 are positive constants. As well as the non-existence of positive
solutions of the related elliptic systems,

� divðjrujp�2ruÞ ¼ a
Z

X
ua1 vb1 dx; x 2 RN ;

� divðjrvjq�2rvÞ ¼ b
Z

X
ua2 vb2 dx; x 2 RN :

ð1:2Þ

For p ¼ q ¼ 2, (1.1) is a classical reaction–diffusion system of Fujita type. If p 6¼ 2; q 6¼ 2, (1.1) appears in
the non-Newtonian fluid theory [1–3] as well as in the non-linear filtration theory [4]. In the non-Newtonian
fluids theory, the pair ðp; qÞ is a characteristic quantity of medium. Media with ðp; qÞ > ð2; 2Þ are called dilat-
ant fluids and those with ðp; qÞ < ð2; 2Þ are called pseudo-plastics. If ðp; qÞ ¼ ð2; 2Þ, they are called Newtonian
fluids.

In the last three decades, many authors have studied the following degenerate parabolic problem:

ut � divðjrujp�2ruÞ ¼ f ðuÞ; ðx; tÞ 2 X� ð0; T �;
uðx; tÞ ¼ 0; ðx; tÞ 2 oX� ð0; T �;
uðx; tÞ ¼ u0ðxÞ; x 2 X;

under different conditions. In [5,11,14,15,23–26,28,30,35–37], the existence, uniqueness and regularity of solu-
tions were obtained. When f ðuÞ ¼ �uq; q > 0 or f ðuÞ � 0 extinction phenomenon of the solution may appear,
see [27,29,31,33]. However, if f ðuÞ ¼ uq; q > 1 the solution may blow up in finite time, see [13,21,30,34].
Roughly speaking, the results in [9,13,21,30,34] read: (1) the solution u exists globally if q < p � 1; (2) u blows
up in finite time if q > p � 1 and u0ðxÞ is sufficiently large.

Li and Xie [11] studied the following equation:

ut � divðjrujp�2ruÞ ¼
Z

X
uqðx; tÞdx: ð1:3Þ

with null Dirichlet conditions and obtain that the solution either exists globally or blows up in finite time.
Under appropriate hypotheses, they have local theory of the solution and obtain that the solution either exists
globally or blow-up in finite time.

Li et al. in [6] deal with the following reaction–diffusion system:

ut � Du ¼
R

X f ðvðy; tÞÞdy; x 2 X; t > 0;

vt � Dv ¼
R

X gðuðy; tÞÞdy; x 2 X; t > 0

(
ð1:4Þ

with initial and boundary conditions. They proved that there exists a unique classical solution and the solution
either exists globally or blow-up in finite time. Furthermore, they obtain the blow-up set and asymptotic
behavior provided that the solution blows up in finite time.

For p-Laplacian systems, Yang and Lu [17] studied the following equations:

ut � divðjrujp�2ruÞ ¼ ua1 vb1 ;

vt � divðjrvjq�2rvÞ ¼ ua2 vb2 x 2 X; t > 0

(
ð1:5Þ

they derive some estimates near the blow-up point for positive solutions and non-existence of positive solu-
tions of the relate elliptic systems.
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