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Abstract

In this paper, the structure of the spectrum for certain problems involving normal oscillations of an ideal compressible
fluid in rotating elastic shell is investigated. The equivalent system of equations of the problems involving normal oscilla-
tions of an ideal compressible fluid in rotating elastic shell is obtained. The case of an elastic container filled with an ideal
compressible fluid is studied.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Assume that in the elastic shell R occupying an ideal compressible fluid rotating on the fixed axis with small
angular velocity e > 0. We assume that R is of class C3. Let n is a unit exterior normal to R which is outside to
X0 domain. We will consider Cartesian coordinate system ðx1; x2; x3Þ rotating with the noted mechanic system
around the x3-axis. Let k be a unit vector along this axis. We denote x(x, t) as the displacement of the point
x 2 X0 in the moment t. We will introduce orthogonal coordinate system ða1; a2Þ given on R and relative to the
lines of curvature of this space.

Let u(x, t) be the coordinate of displacement of the point x 2 R in the body which consist of tangent vectors
to the coordinate curves and unit normal vector to R. Note that q1ðx; tÞ ¼ q0 þ k0pðx; tÞ ðin X0Þ is the density
of compressible fluid, q(x, t) is the density of elastic shell, p(x, t) is the deviation from the balanced pressure of
fluid. Putting the solutions

uða1; a2; tÞ ¼ uða1; a2Þeikt; q0xðx; tÞ ¼ xðxÞeikt; pðx; tÞ ¼ pðxÞeikt
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to the system of free oscillation equation [1, p.77], we get the following eigenvalue problem with respect to k

eh
1� l2

Lu� pn� k2hpu ¼ 0ðRÞ; ð1:1Þ

� 1

k0

divx ¼ pðX0Þ; ðx; nÞjR ¼ q0ðu; nÞjR; ð1:2Þ

k2xþ 2eikx� k ¼ rpðX0Þ: ð1:3Þ

Here, e is the elastic modulus, l 2 0; 1
2

� �
is the Poisson’s coefficient, h is the shell thickness and L is the ellip-

tic operator on Duglas–Nirenberg. Eq. (1.1) has been considered in [2].
In the papers [3,4] the spectral properties of problems on normal oscillations of an ideal incompressible

fluid in the rotating elastic containers were investigated. The similar problem with taking into account the fluid
compressibility has been considered in [5]. There are also some papers [6,7] dedicated to problems involving
small-scale oscillations of an ideal incompressible fluid in nonrotating elastic shells where discovered addi-
tional series of points of discrete spectrum appearing with the oscillations of elastic vessel or elastic shell.
In the paper [8], the structure of the spectrum for certain problems involving normal oscillations of an ideal
compressible fluid in rotating elastic container is investigated.

In the present paper, we investigate the structure of the spectrum for certain problems involving normal
oscillations of an ideal compressible fluid in rotating elastic container. We prove that there is a continuous
spectrum of the internal waves on ½�2e; 2e� for the case a rotating elastic container filled with an ideal com-
pressible fluid.

2. The main theorem

The problems (1.1)–(1.3) can be reduced to the system of operator equations. We introduce the following
spaces:

H 0 ¼ fu 2 W 1
2ðX0Þ; ðu; 1ÞL2ðX0Þ ¼ 0g; H 0 � W 1

2ðX0Þ;
H 1 ¼ fx ¼ ru;u 2 H 0g; H 2 ¼ L2ðX0Þ � H 1:

We get that [4]

W 1
2ðX0Þ \ H 2 ¼ fx : dirx ¼ 0; ðX0Þ; ðx; nÞjR ¼ 0g: ð2:1Þ

Note that in H0 inner product could be introduced as

ðOu1;Ou2ÞL2ðX0Þ

and norm generated by this inner product is equivalent to usual norm in the space W 1
2ðX0Þ. As

L2ðX0Þ ¼ H 1 � H 2, we have that for each element x 2 L2ðX0Þ the element x 2 I ¼ H 0 � H 2 by the rule:
x ¼ ðu; #Þ, where

x ¼ ruþ #; ru 2 H 1; # 2 H 2 ð2:2Þ
at that, if x and y are defined by x and x1 in the accordance with rule then

ðx;x1ÞL2ðX0Þ ¼ ðru;ru1ÞL2ðX0Þ þ ð#; #1ÞL2ðX0Þ ¼ ðx; yÞI
that is,

ðx; yÞI ¼ ðx;x1ÞL2ðX0Þ: ð2:3Þ

In other words, indicated one–one mapping between spaces L2ðX0Þ and I keep the inner product. Now we
introduce the bounded linear operator A : I! I;DðAÞ ¼ I, defined by the formula

ðAx; yÞI ¼ �iðxxk;x1ÞL2ðX0Þ; ð2:4Þ

where x;x1 formed by x,y in the according with the rule (2.3). Now we will transform Eq. (1.3). For that,
previously we obtain such element p0 2 H 0, that rp0 ¼ rp. From (1.2) it follows that
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