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Abstract

This paper studies a few existence results of nonoscillatory solutions for the following higher order nonlinear neutral
delay differential equation:

dn

dtn
xðtÞ þ cxðt � sÞ½ � þ ð�1Þn�iþ1 di

dti
hðt; xðh1ðtÞÞ; xðh2ðtÞÞ; . . . ; xðhkðtÞÞÞ

þ ð�1Þnþ1f ðt; xðf1ðtÞÞ; xðf2ðtÞÞ; . . . ; xðfkðtÞÞÞ ¼ gðtÞ; t P t0;

where n is a positive integer, 0 6 i 6 n� 1, c 2 R n f�1g, s > 0, h 2 Cið½t0;þ1Þ � Rk ;RÞ, f 2 Cð½t0;þ1Þ � Rk ;RÞ,
g 2 Cð½t0;þ1Þ;RÞ, hl 2 Cið½t0;þ1Þ;RÞ and fl 2 Cð½t0;þ1Þ;RÞ with

lim
t!þ1

hlðtÞ ¼ lim
t!þ1

flðtÞ ¼ þ1; l ¼ 1; . . . ; k

constructs several Mann type iterative approximation sequences with errors for these nonoscillatory solutions and estab-
lish some error estimates between the approximate solutions and the nonoscillatory solutions. In addition sufficient con-
ditions for the existence of infinitely many nonoscillatory solutions for the above equation are given. Three nontrivial
examples are given to illustrate the advantages of our results.
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1. Introduction and preliminaries

Many researchers [1–11,13–22] and others studied the existence and asymptotic behaviors of nonoscillatory
and oscillatory solutions for the following several classes of neutral delay differential equations:
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d

dt
½xðtÞ � cxðt � sÞ� þ a

Z þ1

0

kðsÞxðt � sÞds ¼ 0; t P t0; ð1:1Þ

dn

dtn
½xðtÞ þ cxðt � sÞ� þ axðt � rÞ ¼ 0; t P t0; ð1:2Þ

d

dt
½xðtÞ þ cxðt � sÞ� þ Q1ðtÞxðt � r1Þ � Q2ðtÞxðt � r2Þ ¼ 0; t P t0; ð1:3Þ

d2

dt2
½xðtÞ þ cxðt � sÞ� þ Q1ðtÞxðt � r1Þ � Q2ðtÞxðt � r2Þ ¼ 0; t P t0; ð1:4Þ

dn

dtn
½xðtÞ þ cxðt � sÞ� þ ð�1Þnþ1½Q1ðtÞxðt � r1Þ � Q2ðtÞxðt � r2Þ� ¼ 0; t P t0: ð1:5Þ

Sficas and Stavroiclakis [14] and Gopalsamy and Lalli [6] gave some sufficient and necessary conditions, which
guarantee all solutions of Eq. (1.1) to have at least one zero. Ladas and Sficas [11], Qian [13] and Bainov and
Petrov [3] investigated, respectively, the asymptotic behavior of nonoscillatory solutions for Eq. (1.2). In 1998
and 2001, Kulenović and Hadžiomerspahić [9,10] established the existence of nonoscillatory solutions of Eqs.
(1.3) and (1.4) under the assumptions c 6¼ �1, aQ1ðtÞP Q2ðtÞ and other conditions. In 2002 and 2003, Zhou
and Zhang [22] extended the results in [9,10] from Eqs. (1.3) and (1.4) to Eq. (1.5). In 2004, Cheng and Annie
[4] continued to study the existence of nonoscillatory solutions for Eq. (1.4) by omitting the conditions c 6¼ 1
and aQ1ðtÞP Q2ðtÞ, which were used by Kulenović and Hadžiomerspahić [10]. However, all papers mentioned
above only dealt with the existence and asymptotic behaviors of nonoscillatory solutions of Eqs. (1.1)–(1.5),
and did not suggest the iterative approximations of these nonoscillatory solutions and the existence of infi-
nitely many nonoscillatory solutions for of (1.1)–(1.5).

Our aim in this paper is to investigate the following higher order nonlinear neutral delay differential
equation:

dn

dtn
½xðtÞ þ cxðt � sÞ� þ ð�1Þn�iþ1 di

dti
hðt; xðh1ðtÞÞ; xðh2ðtÞÞ; . . . ; xðhkðtÞÞÞ

þ ð�1Þnþ1f ðt; xðf1ðtÞÞ; xðf2ðtÞÞ; . . . ; xðfkðtÞÞÞ ¼ gðtÞ; t P t0; ð1:6Þ

where n is a positive integer, 0 6 i 6 n� 1, c 2 R n f�1g, s > 0, h 2 Cið½t0;þ1Þ � Rk;RÞ, f 2 Cð½t0;þ1Þ�
Rk;RÞ, g 2 Cð½t0;þ1Þ;RÞ, hl 2 Cið½t0;þ1Þ;RÞ and fl 2 Cð½t0;þ1Þ;RÞ with

lim
t!þ1

hlðtÞ ¼ lim
t!þ1

flðtÞ ¼ þ1; l ¼ 1; . . . ; k:

By making use of the contraction mapping principle, we give several existence results of nonoscillatory
solutions for Eq. (1.6), construct a few Mann type iterative approximation schemes with errors for these
nonoscillatory solutions, discuss error estimates between the approximate solutions and the nonoscillatory
solutions and establish two existence results of infinitely many nonoscillatory solutions for Eq. (1.6). These
results presented in this paper extend, improve and unify many known results due to Cheng and Annie [4],
Graef, Yang and Zhang [7], Kulenović and Hadžiomerspahić [9,10], Zhang [17], Zhang and Yu [19], and Zhou
and Zhang [22] and others. Three nontrivial examples are given to illustrate the advantages of our results.

By a solution of Eq. (1.6), we mean a function x 2 Cð½t1 � s;þ1Þ;RÞ for some t1 P t0; such that
xðtÞ þ cxðt � sÞ is n times continuously differentiable on ½t1;þ1Þ and such that Eq. (1.6) is satisfied for
t P t1. As is customary, a solution of Eq. (1.6) is said to be oscillatory if it has arbitrarily large zeros and
nonoscillatory otherwise. It is assumed throughout this paper that

(H1) there exist constants M > N > 0 and functions p; q; r;w 2 Cð½t0;þ1Þ;RþÞ satisfying

jf ðt; u1; u2; . . . ; ukÞ � f ðt; �u1; �u2; . . . ; �ukÞj 6 pðtÞ maxfjul � �ulj : 1 6 l 6 kg;
jhðt; u1; u2; . . . ; ukÞ � hðt; �u1; �u2; . . . ; �ukÞj 6 rðtÞ maxfjul � �ulj : 1 6 l 6 kg
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