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Abstract

The purpose of the present paper is to investigate several subordination- and superordination-preserving properties of a
certain class of integral operators, which are defined on the space of meromorphic functions in the punctured open unit
disk. The sandwich-type theorem for these integral operators is also presented. Moreover, we consider an application
of the subordination and superordination theorem to the Gauss hypergeometric function.
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1. Introduction

Let H ¼HðUÞ denote the class of analytic functions in the open unit disk

U ¼ fz : z 2 C and jzj < 1g:
For a 2 C, let

H½a; n� :¼ ff : f 2H and f ðzÞ ¼ aþ anzn þ anþ1znþ1 þ � � �g:
Let f and F be members of the analytic function class H. The function f is said to be subordinate to F, or F

is said to be superordinate to f, if there exists a function w analytic in U, with

wð0Þ ¼ 0 and jwðzÞj < 1 ðz 2 UÞ;
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such that

f ðzÞ ¼ F ðwðzÞÞ ðz 2 UÞ:

In this case, we write

f � F ðz 2 UÞ or f ðzÞ � F ðzÞ ðz 2 UÞ:

If the function F is univalent in U, then we have (cf. [11])

f � F ðz 2 UÞ () f ð0Þ ¼ F ð0Þ and f ðUÞ � F ðUÞ:

Definition 1 (Miller and Mocanu [11]). Let

/ : C2 ! C

and let h be univalent in U. If p is analytic in U and satisfies the following differential subordination:

/ðpðzÞ; zp0ðzÞÞ � hðzÞ ðz 2 UÞ; ð1:1Þ
then p is called a solution of the differential subordination. A univalent function q is called a dominant of the
solutions of the differential subordination or, more simply, a dominant if p � q for all p satisfying the differ-
ential subordination (1.1). A dominant ~q that satisfies ~q � q for all subordinants q of (1.1) is said to be the best
dominant.

Definition 2 (Miller and Mocanu [12]). Let

u : C2 ! C

and let h be analytic in U. If p and uðpðzÞ; zp0ðzÞÞ are univalent in U and satisfy the following differential
superordination:

hðzÞ � uðpðzÞ; zp0ðzÞÞ ðz 2 UÞ; ð1:2Þ
then p is called a solution of the differential superordination. An analytic function q is called a subordinant of
the solutions of the differential superordination or, more simply, a subordinant if q � p for all p satisfying the
differential superordination (1.2). A univalent subordinant ~q that satisfies q � ~q for all subordinants q of (1.2)
is said to be the best subordinant.

Definition 3 (Miller and Mocanu [12]). We denote by Q the class of functions f that are analytic and injective
on U n Eðf Þ, where

Eðf Þ :¼ f : f 2 oU and lim
z!f

f ðzÞ ¼ 1
� �

;

and are such that

f 0ðfÞ 6¼ 0 ðf 2 oU n Eðf ÞÞ:
Let R denote the class of functions of the form:

f ðzÞ ¼ 1

z
þ
X1
n¼0

anzn;

which are analytic in the punctured open unit disk

D :¼ U n f0g:
Let R* and Rk be the subclasses of R consisting of all functions which are, respectively, meromorphic starlike
and meromorphic convex in D (see, for details, [5,11]).
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