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Abstract

In this research, we introduce a new type of weighted quadrature rules as
B n
/ PR (X) = Ppr (55 dx =Y ainf ™ (bim) + RS,
o =1

in which P, (x; /) = 37 fV () (x — 2)'/j!; 2 € Ry m € N; p(x) is a positive function; /" (x) denotes the mth derivative
of the function f{x) and Rf;”) [f] is the error function. We determine the error function analytically and obtain the unknowns
{@im, bim};_, explicitly so that the above formula is exact for all polynomials of degree at most 2n + m — 1. In particular,
we emphasize on the sub-case

ﬁ n
/ PO ) = £ dx =3 ans () + RO,

with the precision 2n (one degree higher than Gauss quadrature precision degree) and show that under some specific con-
ditions the two foresaid formulas can be connected to the current weighted quadrature rules. The best application of the
case m =1 in the second formula is when 4 is a known root of the function f{x). For instance, ff p(x)([; g(r)dr)dx and
ffp(x)(x — A)g(x)dx are two samples in which f{2) =0. Finally, we present various analytic examples of above rules
and introduce a more general form of the mentioned formulas as

n k

B ; .
/ P () = Pua( /) de =3 3 " f" () + RIS,

i=1

© 2006 Elsevier Inc. All rights reserved.

Keywords: Weighted quadrature rules; Precision degree; Undetermined coefficients method; Orthogonal polynomials; Weight function;
Moments; Integral equation

E-mail address: mmjamei@aut.ac.ir

0096-3003/$ - see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.amc.2006.09.101


mailto:mmjamei@aut.ac.ir

M. Masjed-Jamei | Applied Mathematics and Computation 188 (2007) 154-165 155
1. Introduction

Let us start our discussion with the general form of weighted quadrature rules [4,7,13], which is defined as
b n m
[ wear = wr) + > e + £, (1)

where w(x) is a positive function on [a,b]; {w;}._,, {v:};_, are unknown coefficients; {x;},_, are unknown
nodes and finally {z};_, are the predetermined nodes. The error function E™[f] is also determined (see

e.g. [1,2,6]) by

(2n+m) b m n
B =t | w0 [ - as a<e< 2

In general, it is proved that the Gaussian quadrature (for m =0 in (1)) has the highest precision degree
(2n — 1) among the other quadrature rules of this type. In other words, if the equality

[ s =Y )+ B0 o)
holds, then
B0 = 0 = 11 { =S } , @

and the nodes {x;},_, in (3) are the zeros of a sequence of polynomials, say P,(x), which is orthogonal [3,14]
with respect to the weight function w(x) on [a,b], i.e.

/ ()P ()P () e = ( / bW(X)Pi(x)dx)én,m; Bum = {0’ n#m, )

I, n=m.

Moreover, to obtain the coefficients {w;}_; in (3) it is not necessary to solve the following linear system of
order n X n:

n b
Z(xf.‘)w,-:/ Fwx)dx, k=0,1,....2n—1, (6)

rather, one can straightforwardly use the following formulas [13]:

_M Jj=12...n, (7)

YT TR L )PL)
where
(Pi(x)|P;(x)) leW@NKﬂPA@dL (7.1)
and/or
i (), j=12,...,nm, (8)
where P*( )_ are orthonormal polynomials of P;(x) defined by
Pi(x) = —) (8.1)

(Pi(x)|Pi(x)) >
A direct way to prove that the precision degree of (3) is 2n — 1 is to apply the Hermite interpolation formula
[5.,6]
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