
A new type of weighted quadrature rules and its relation
with orthogonal polynomials

Mohammad Masjed-Jamei

Department of Applied Mathematics, K.N. Toosi University of Technology, Jolfa Avenue,

Sayyed Khandan, P.O. Box 15875- 4416, Tehran, Iran

Dedicated to mathematicians who work on quadrature rules and orthogonal polynomials

Abstract

In this research, we introduce a new type of weighted quadrature rules asZ b

a
qðxÞðf ðxÞ � P m�1ðx; f ÞÞdx ¼

Xn

i¼1

ai;mf ðmÞðbi;mÞ þ RðmÞn ½f �;

in which P m�1ðx; f Þ ¼
Pm�1

j¼0 f ðjÞðkÞðx� kÞj=j!; k 2 R; m 2 N; q(x) is a positive function; f (m) (x) denotes the mth derivative

of the function f(x) and RðmÞn ½f � is the error function. We determine the error function analytically and obtain the unknowns

fai;m; bi;mgn
i¼1 explicitly so that the above formula is exact for all polynomials of degree at most 2n + m � 1. In particular,

we emphasize on the sub-caseZ b

a
qðxÞðf ðxÞ � f ðkÞÞdx ¼

Xn

i¼1

ai;1f 0ðbi;1Þ þ Rð1Þn ½f �;

with the precision 2n (one degree higher than Gauss quadrature precision degree) and show that under some specific con-
ditions the two foresaid formulas can be connected to the current weighted quadrature rules. The best application of the
case m = 1 in the second formula is when k is a known root of the function f(x). For instance,

R b
a qðxÞð

R x
k gðtÞdtÞdx andR b

a qðxÞðx� kÞgðxÞdx are two samples in which f(k) = 0. Finally, we present various analytic examples of above rules
and introduce a more general form of the mentioned formulas asZ b

a
qðxÞðf ðxÞ � P m�1ðx; f ÞÞdx ¼

Xn

i¼1

Xk

j¼0

dðmþjÞ
i f ðmþjÞðriÞ þ Rðm;kÞn ½f �:
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1. Introduction

Let us start our discussion with the general form of weighted quadrature rules [4,7,13], which is defined asZ b

a
wðxÞf ðxÞdx ¼

Xn

i¼1

wif ðxiÞ þ
Xm

k¼1

vkf ðzkÞ þ EðmÞn ½f �; ð1Þ

where w(x) is a positive function on [a,b]; fwign
i¼1; fvkgm

k¼1 are unknown coefficients; fxign
i¼1 are unknown

nodes and finally fzkgm
k¼1 are the predetermined nodes. The error function EðmÞn ½f � is also determined (see

e.g. [1,2,6]) by

EðmÞn ½f � ¼
f ð2nþmÞðnÞ
ð2nþ mÞ!

Z b

a
wðxÞ

Ym

k¼1

ðx� zkÞ
Yn

i¼1

ðx� xiÞ2 dx; a < n < b: ð2Þ

In general, it is proved that the Gaussian quadrature (for m = 0 in (1)) has the highest precision degree
(2n � 1) among the other quadrature rules of this type. In other words, if the equalityZ b

a
wðxÞf ðxÞdx ¼

Xn

i¼1

wif ðxiÞ þ Eð0Þn ½f �; ð3Þ

holds, then

Eð0Þn ½f � ¼ 0() f ðxÞ 2 PkðxÞ ¼
Xk

r¼0

cðkÞr xr

( )k¼2n�1

k¼0

; ð4Þ

and the nodes fxign
i¼1 in (3) are the zeros of a sequence of polynomials, say Pn(x), which is orthogonal [3,14]

with respect to the weight function w(x) on [a,b], i.e.Z b

a
wðxÞP nðxÞP mðxÞdx ¼

Z b

a
wðxÞP 2

nðxÞdx
� �

dn;m; dn;m ¼
0; n 6¼ m;

1; n ¼ m:

�
ð5Þ

Moreover, to obtain the coefficients fwign
i¼1 in (3) it is not necessary to solve the following linear system of

order n · n:

Xn

i¼1

ðxk
i Þwi ¼

Z b

a
xkwðxÞdx; k ¼ 0; 1; . . . ; 2n� 1; ð6Þ

rather, one can straightforwardly use the following formulas [13]:

wj ¼
hP n�1ðxÞjP n�1ðxÞi

P n�1ðxjÞP 0nðxjÞ
; j ¼ 1; 2; . . . ; n; ð7Þ

where

hP iðxÞjP jðxÞi ¼
Z b

a
wðxÞP iðxÞP jðxÞdx; ð7:1Þ

and/or

1

wj
¼
Xn�1

i¼0

P �2i ðxjÞ; j ¼ 1; 2; . . . ; n; ð8Þ

where P �i ðxÞ are orthonormal polynomials of P iðxÞ defined by

P �i ðxÞ ¼
P iðxÞ

hP iðxÞjP iðxÞi1=2
: ð8:1Þ

A direct way to prove that the precision degree of (3) is 2n � 1 is to apply the Hermite interpolation formula
[5,6]
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