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Abstract

Under the y condition, we establish the convergence theorem of a family deformed Chebyshev method in Banach space
which is used to solve the nonlinear operator equation. Finally, two examples are provided to show the application of the
theorem.
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1. Introduction

Solving the nonlinear operator equation is a important issue in the engineering and technology field. In this
study, we consider to establish the convergence theorem of a family deformed Chebyshev iterative in Banach
space which is used to solve the nonlinear operator equation

F(x) =0, (1.1)
where F is defined on an open convex £ of a Banach space X with values in a Banach space Y.
There are kinds of methods to find a solution of (1.1). Iterative methods are often used to solve this problem
(see [1]). If we use the famous Newton’s method, we can do as
Xos1 =% — F'(x,) 'F(x,), (n=0) (xo € Q). (1.2)

Under the reasonable hypothesis, Newton’s method is two orders convergence.
To improve the convergence order, many deformed methods have been present. The Chebyshev method is
three orders. The definition is as follows:
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In (1.3), L{x) = F'(x) 'F'(x)F(x) 'F(x), x € Q. Refs. [2-7] established the convergence theorems for the
Chebyshev method. In (1.3), every step need compute two orders derivatives of the function. The computing
cost will be high. To avoid the computation of F’(x), and maintain the high order convergence, they present
the deformed Chebyshev method as follows:

Y, =X — F/(x,l)le(x,,)7
H (%, 9,) = 2F (%) " [F/ (00 + L (v — 3)) — F'(x)], (1.4)
Xn+l =)y — H(xﬂvyn)(yn _xn)'

Refs. [8,9] established the convergence theorem for the deformed Chebyshev method. In the study, we pres-
ent a deformed Chebyshev method family. The method is defined as follows:

Yo =Xn — F,(Xn)_lF(xn)v
H(xp,) = 2F (6,) " [F (60 +2 (0, = %)) = F'(%)], 2 €[0,1], (1.5)
Xopt = Yy — 3 H @ ) [ = AH (%0, 3,)] (v, — %)

We establish the convergence theorem under y-conditions. The convergence order is three. If we select rea-
sonable 4 to some issues, the convergence order is four. To apply the result, in Example 1 when 4 = ﬂ, we get
the convergence is of four orders.

2. Main results

Denote g(t) = f — —&-L where ¢ € [0, ) f, y are the positive real numbers Let o = fy, then, when

1—yr
1+oc7\/ l+oc 780 = 1+a+4/( l+a

« < 3 —2v/2, g has two positive real roots ¢* *, and satisfies

1 1\1 1
<ﬁ<1+—d gO——J—gﬁg—.
4 < ¢§ﬁ V2] 2y

Let 7o =0, the sequence {t,}, {s,} are generated by the following formula:

Sn - tn - g,(lﬂ)ilg(tﬂ)v
H(tnsn) =28 () [¢(ta + 1 (50 — 1)) — g(t)], 2 €[0,1], 2.1
iyl = Sy — %Hg(tnvsn)[l - /ng(thn)Ksn - t'l)'

Definition 2.1. If F(x) exists three orders Fréchet derivatives in Q, xy € Q, F’(xo)*1 exists and
1F (o) " F(xo)ll < By 1IF (x0) ™ F" (x0)l| < 27,

2
1 o) P ) € =
10— 7l — )’

1\1
"(lx — x xe [x—x|<|l-—]-.
¢l -nl), xe@ fr-xl < (1-75)

Then we define that F(x) satisfies y-condition (see [10]).

Lemma 2.1. If F satisfies y-condition, (1 - JLZ) % Then

) [F'(x0) ' F' ()| < &'(flx = xol),
(b) F'(x)"" exists, and ||F'(x)"F'(xo)|| < —

& (Ix=xoll)’
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