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Abstract

A new equation for interpolating the nine-point prism by the circular or hyperbolic functions is illustrated. It is useful
for estimating linear-term coefficients. New formulas for analytic and numerical differentiation and integration are
obtained by the shifting operator. They are illustrated by examples.
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1. Introduction

Previous papers have illustrated operational equations for interpolating the nine-point prismatic array by
sines and cosines. One of the equations uses the center point datum only for estimating the numerical coeffi-
cients that appear outside the cited functions [1]. The second equation uses the center point datum only in the
denominators of expressions that estimate the numerical coefficients appearing as arguments of the sine and
cosine [2]. This paper illustrates a method for incorporating the center point datum in both the numerators
and denominators of the same expressions.

Most textbooks do not illustrate the application of the shifting operator for analytic differentiation. This
paper illustrates how the operator can be used to obtain a formula for that purpose. An operational for-
mula for analytic integration is described. Textbooks of numerical analysis commonly include a formula
for the numerical estimation of the first derivative at the center point of three equidistant, curvilinear data.
The familiar formula is shown to be one member of a family of first derivative expressions that are based on
the shifting operator. A new formula for numerical integration on three equidistant, curvilinear data is
illustrated.
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2. Sine-and-cosine equation for the nine-point prism

An equation for interpolating the nine-point prism, shown in Fig. 1, is based on the circular or hyperbolic
sines and cosines. It has been illustrated by Method 1 in Ref. [1]. In that equation, the center point datum does
not affect the numerical coefficients that appear as arguments of the sine and the cosine. Ref. [2] illustrates
another interpolating equation for the same design. In the second equation, the arguments of the sine and
cosine are denoted p, q, and r. The numerical values of these three parameters are estimated by means of ratios
that are the arguments of the inverse hyperbolic cosine. The relationships are illustrated by Eqs. (1)–(3). Single
letters denote numbers located at the corresponding vertices in Fig. 1. Four-letter designations denote inter-
polated numbers at the center points of the six prism faces in the same figure.

p ¼ arccoshððBDIGþACHFÞ=2EÞ; ð1Þ
q ¼ arccoshððABGFþ CDIHÞ=2EÞ; ð2Þ
r ¼ arccoshððABDCþ FGIHÞ=2EÞ: ð3Þ

The interpolating equation illustrated in Ref. [2] uses the center point datum only in the denominators of
the ratios that determine the numerical values of p, q, and r. The interpolated responses at the center points of
the prism faces are determined by the numbers at the eight corner points of the prism. An alternative equation
applies E in both the numerators and the denominators of the ratios in Eqs. (1)–(3) [2].

Eq. (4) estimates the response at the center point of face ACHF in Fig. 1. It depends on all nine measure-
ments A–I in the prism. Eq. (4) is an even-power expression so the interpolating equation derived from it is
ordinarily limited to positive data. Rotating the prism and reapplying Eq. (4) yields numerical estimates at the
center points of the remaining five faces of the cube. The numerical values of p, q, and r in Eqs. (1)–(3) are
evaluated by means of Eq. (4). The interpolating equation for the prism is then completed as described in Refs.
[1,2].

ðACHFÞ4 ¼ ðFþ CÞðAþHÞ½2ðCþD� F�GÞE2 þ FðC2 þDG� CFÞ � CDG�½2ðAþ B� I�HÞE2

þAðAH� BI�H2Þ þHBI�=½ðHþ IþAþ BÞðHþ I�A� BÞ
� ðFþGþ CþDÞðFþG� C�DÞ�: ð4Þ

For example, let the data be the third powers of the first nine integers (1,2,3, . . . , 7,8,9) as
(A,B,C, . . . ,G,H,I) in Fig. 1, respectively. The numerical equation interpolating them is Eq. (5). It can be
compared to Eq. (1) in Ref. [1] and Eq. (9) in Ref. [2]. All of the cited equations are invariant under rotation
of the prism but not under its translation. Table 1 lists the sums of the squares of the deviations of interpo-
lating equations like Eqs. (5) and (9) in Ref. [2] from typical monotonic test surfaces. Similar data are listed for
the trilinear equation for purposes of comparison.

Fig. 1. The nine-point prism.
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