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Abstract

By extending the classical Newton’s irrational method defined by an iteration
ot =3, = 105) 1) = S )

we present a high-order k-fold pseudo-Newton’s irrational method for locating a simple zero of a nonlinear equation. Its
order of convergence is proven to be at least k + 3 and the convergence behavior of the asymptotic error constant is inves-
tigated near the corresponding simple zero. A root-finding algorithm is described as well as the introduction on the con-
vergence of the fixed-point iterative method. Various numerical examples have successfully demonstrated a good
agreement with the theory presented here.
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1. Introduction

Let R and N denote the sets of real numbers and natural numbers, respectively. Assuming that a function
f : R — R has a simple real zero o and is sufficiently smooth in a neighborhood of o, we wish to locate « accu-
rately with a high-order method. To this end we first rewrite the equation f{x) =0 in the form x — g(x) =0,
where g : R — Ris assumed to be sufficiently smooth in a neighborhood of «. Then we seek an approximated o
using an iterative method

xn+1:g(xn)a nzo,lvzv"'a (11)
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where xy € R is given. For a given p € N, we further assume that

e, =g (@] <1 if p=1, (1.2)
g(a)=0 for1<i<p—1andgP(a)#£0 ifp=2 '

Let x,, belong to a sufficiently small neighborhood of o for n € N U {0}. Then Taylor series [1,6] expansion
about o immediately gives

X1 = g(x,) = (o) + g¥ (&) (xs — ) /p! (1.3)

where ¢ € (a,b) with a = min(a, x,,) and b = max(a,x,,). Since g is continuous at o, we find that for all given
€ > 0, there exists a number ¢ > 0 such that

(xn —a p71|
st — ] = lg(x) — ()] = g (2)] pf o — ] <, (14)
whenever |x, — | < 0. Let J = {x:|x — o < d}. Then the continuity of g’ on J ensures the existence of a num-
ber M > 0 satisfying |g?(x)| < M for all x € J Choose

min(e, 1 /M) ifp=1,
| {min(e !, pl/M)FPYif p > 2.

Then |x,+1 — a| = |g(x,) — g(o)|] < |x, — «]. Hence, g: J — J. Since |x,, — o <, it follows from (1.4) that
Pt — of < [g(x,) — g(o)] < Klx, —af, (1.5)

where 0 < K = sup{M|(x, — «)]""' /p! : n e NU{0}} < M&" ' /p! < 1forp = 2. If p=1, then K= M < I can
be chosen according to (1.2). Hence g is contractive on J for any p € N and the sequence {x,} -, with xo € J
defined by (1.1) converges to a fixed point « € J [7]. Now introducing e, = x,, — a with the fact that

lim,,_, & = a, for the iterative method (1.1) we obtain the asymptotic error constant 1 and order of convergence
p [2,7] as follows:

€nt1

e

= g% (2)|/p!. (1.6)

n = lim

n—oo

Now for an arbitrarily given x € R, we define a function F : R — R by

F(w) = w f(w /¢ﬂ )/ () (1.7)

with the sign + as that of —f'(«). Here, we take minus sign for ease of analysis. We denote

wo = Flx /¢ﬁ (x)f" ()

and define a function

we(x) = Flwir) = wis = £ (wi) /£ = flwe)f() (1.8)
)/

iteratively for & € N. Hence, wy(x) = F*(wy) = F*"!(x) for k € N, where F¥(wo) = F(F(- - -F(wy)- - -)). Then the
iterative method with x, € R

Xn+l = Fk+1(xn) = g(xn) (19)

is called the k-fold pseudo-Newton’s irrational method(pseudo-Ostrowski’s method). If k =0, it is called the
Newton’s irrational method or Ostrowski’s method and has the cubic convergence as shown in Laguerre-type
numerical methods [4,5] including Halley’s method and leap-frogging Newton’s method [3]. If k£ =1, it is sim-
ply called the pseudo-Newton’s irrational method.
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