
Solvability of p-Laplace equations subject to
three-point boundary value problems

Jian Jun Zhang *, Wen Bin Liu, Tai Yong Chen, Hui Xing Zhang

Department of Mathematics, China University of Mining and Technology, Xuzhou, Jiangsu 221008, People’s Republic of China

Abstract

In this paper, the existences of solutions for p-Laplace equations subject to three-point boundary value conditions at
resonance and non-resonance are studied by using degree theory and some known results are improved.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction and main results

The turbulent flow in a porous medium is a fundamental mechanics problem. For studying this type prob-
lem, Leibenson [1] introduced the following model
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where m P 2, 1
2
6 p 6 1. Generally, when m > 1, Eq. (1.1) is called porous medium equation [2]; when

0 < m < 1, called diffusion equation; when m = 1, called heat equation, which often appears in non-Newtonian
liquid [3]. For the study of Eq. (1.1), ones reduced Eq. (1.1) into the following p-Laplace equation

ð/pðu0ÞÞ
0 ¼ f ðt; u; u0Þ; t 2 ð0; 1Þ; ð1:2Þ

where /p(s) = jsjp�2s. Obviously, when p = 2, Eq. (1.2) becomes to the general second order differential
equation.

In recent years, many important results relative to Eq. (1.2) with certain boundary conditions have been
obtained (see [4–8,10], and references therein). Carcı́a-huidobro et al. [8] discussed the boundary value prob-
lems for p-Laplace Eq. (1.2) with boundary conditions
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u0ð0Þ ¼ 0; uð1Þ ¼ uðgÞ; g 2 ð0; 1Þ ð1:3Þ
using the main assumptions as following:

(A1) there are non-negative functions d1(t), d2(t), and r(t) 2 L1[0,1] such that

jf ðt; u; vÞj 6 d1ðtÞjujp�1 þ d2ðtÞjvjp�1 þ rðtÞ; for a.e. t 2 ½0; 1�; u; v 2 R;

(A2) there exists u0 > 0, such that for all juj > u0, t 2 [0,1] and v 2 R, it holds that

jf ðt; u; vÞjP Kjujp�1 � Ajvjp�1 � B;

where K > 0, and A, B P 0;
(A3) there is R > 0 such that for all juj > R, either

uf ðt; u; 0Þ > 0; a.e. t 2 ½0; 1�
or

uf ðt; u; 0Þ < 0; a.e. t 2 ½0; 1�

as well as other conditions.

In this paper, we discuss the solvability of the p-Laplace Eq. (1.2) at resonance and non-resonance, and
obtain the following main results.

Theorem 2.1. Assume that f : ½0; 1� � R2 ! R is continuous and has the decomposition

f ðt; u; vÞ ¼ gðt; u; vÞ þ hðt; u; vÞ
such that

(H1) there exist r1 < 0, r2 > 0, such that

f ðt; r1; 0Þ 6 0; f ðt; r2; 0ÞP 0; for t 2 ½0; 1�;
(H2) there is R > 0 such that

vgðt; u; vÞ 6 0; for ðt; uÞ 2 ½0; 1� � ½r1; r2�; jvj > R;

(H3) there are non-negative functions aðtÞ; bðtÞ 2 Cð½0; 1�;RþÞ, such that for all ðt; u; vÞ 2 ½0; 1� � ½r1; r2� � R

jhðt; u; vÞj 6 aðtÞjvjm þ bðtÞ;
where m 6 p.

Then there exists a solution of BVP (1.2), (1.3).
And we also get the following theorem:

Theorem 3.1. Let f : ½0; 1� � R2 ! R is continuous. Assume that

(H4) there exist r3 < 0, r4 > 0, such that

f ðt; r3; 0Þ < 0; f ðt; r4; 0Þ > 0; for t 2 ½0; 1�;
(H5) there are non-negative functions cðtÞ; dðtÞ 2 Cð½0; 1�;RþÞ, such that for all ðt; u; vÞ 2 ½0; 1� � ½r1; r2� � R

jf ðt; u; vÞj 6 cðtÞjvjm þ dðtÞ;
where m 6 p.

Then there exists a solution of Eq. (1.2) with boundary conditions

uð0Þ ¼ 0; uð1Þ ¼ uðgÞ; g 2 ð0; 1Þ. ð1:4Þ
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