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Abstract

In this paper we propose two algorithms for numerical fractional integration and Caputo fractional differentiation. We
present a modification of trapezoidal rule that is used to approximate finite integrals, the new modification extends the
application of the rule to approximate integrals of arbitrary order a > 0. We then, using the new modification derive an
algorithm to approximate fractional derivatives of arbitrary order a > 0, where the fractional derivative based on Caputo
definition, for a given function by a weighted sum of function and its ordinary derivatives values at specified points. The
study is conducted through illustrative examples and error analysis.
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1. Introduction

1.1. Trapezoidal rule

Numerical integration is a primary tool used by scientists and engineers to obtain approximate answers for
definite integrals that can not be solved analytically. Several methods are used to approximate the definite inte-
gral of a given function by a weighted sum of function values at specified points. Trapezoidal rule is based on
dividing the area between the curve of f(x) and the x-axis into strips and interpolating the function f(x) by a
sequence of straight lines.

Trapezoidal rule. Suppose that the interval [a,b] is subdivided into M subintervals [xk,xk+1] of equal width
h = (b � a)/M by using the nodes xk = a + kh, for k = 0,1, . . . ,M. The composite trapezoidal rule for the
function f(x) over [a,b] is defined as [1,4]
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ðf ðxk�1Þ þ f ðxkÞÞ ð1:1Þ
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f ðxkÞ. ð1:2Þ

This is an approximation to the integral of f(x) over [a,b], and we writeZ b

a
f ðxÞdx � T ðf ; hÞ. ð1:3Þ

Trapezoidal rule; error analysis. If f(x) 2 C2 [a,b], then there is a value c with a < c < b so that the error term
E(f,h) has the form

Eðf ; hÞ ¼ �ðb� aÞf ð2ÞðcÞh2

12
¼ Oðh2Þ; ð1:4Þ

where

Eðf ; hÞ ¼
Z b

a
f ðxÞdx� T ðf ; hÞ. ð1:5Þ

1.2. Definitions

Now we will introduce the following definitions and properties of fractional integral and Caputo fractional
derivative.

Fractional integral. According to Riemann–Liouville approach to fractional calculus, the fractional integral
of order a > 0 is defined as [2]

J af ðxÞ ¼ 1

CðaÞ

Z x

0

ðx� sÞa�1f ðsÞds; x > 0. ð1:6Þ

Details and properties of the operator Ja can be found in [9,11,12], we mention the following:
For a,b > 0, x > 0 and c > �1, we have

J aJb ¼ J aþb; ð1:7Þ

J axc ¼ Cðcþ 1Þ
Cðcþ 1þ aÞ x

cþa; ð1:8Þ

J aeax ¼ xa
X1
k¼0

ðaxÞk

Cðaþ k þ 1Þ ; ð1:9Þ

J a cosðaxÞ ¼ xa
X1
k¼0

ð�1ÞkðaxÞ2k

Cðaþ 2k þ 1Þ ; ð1:10Þ

J a sinðaxÞ ¼ xa
X1
k¼0

ð�1ÞkðaxÞ2kþ1

Cðaþ 2k þ 2Þ . ð1:11Þ

Caputo fractional derivative. Let m be the smallest integer that exceeds a, then Caputo fractional derivative of
order a > 0 is defined as [10]

Da
�f ðxÞ ¼ J ðm�aÞ½f ðmÞðxÞ�; ð1:12Þ

namely

Da
�f ðtÞ ¼

1
Cðm�aÞ

R x
0

f ðmÞðsÞ
ðx�sÞaþ1�m ds

h i
; m� 1 < a < m;

dm

dxm f ðxÞ; a ¼ m.

8<
: ð1:13Þ
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