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a b s t r a c t

This paper applies the reproducing kernel Hilbert space method to the solutions of three
types of Fornberg–Whitham equations: original, modified and time fractional. Comparison
with Adomian decomposition method, homotopy analysis method and the variational
iteration method shows the validity and applicability of the technique.
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1. Introduction

The Fornberg–Whitham equation has caught much attention in recent years. Recently, there has beenmuch work focus-
ing on finding travelling wave solutions for this equation [1]. Eq. (1.1) was used to study the qualitative behaviour of wave-
breaking [2]. Modifying the nonlinear term u ∂u

∂x in Eq. (1.1) to u2 ∂u
∂x , He et al. proposed in [3] themodified Fornberg–Whitham

equation. Possible travelling wave solutions of Eq. (1.1) were given in [4] and were classified in [5]. A linear dispersive Forn-
berg–Whitham equation was investigated in [6] where smooth and non-smooth travelling wave solutions were acquired.
The global existence of solution to the viscous Fornberg–Whitham equation was shown in [7]. The boundary control of it
was investigated in [8]. The variational iteration method (VIM) for the time-fractional Fornberg–Whitham equation was
investigated by Saka et al. in [9].

In this paper, we consider the Fornberg–Whitham equation [10], modified Fornberg–Whitham equation [3] and time-
fractional Fornberg–Whitham equation [9] of the forms:
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The reproducing kernel Hilbert space method (RKHSM) [11] is implemented for solving these equations. Numerical
experiments are shown to verify the efficiency of the RKHSM. The method is implemented for three numerical examples.
The linear and nonlinear problems are solved by using RKHSM.

The theory of reproducing kernels [12] was used for the first time at the beginning of the 20th century by Zaremba. Some
researchers investigate much problems by RKHSM recently [11]. For more details see [13–19].

This paper is prepared as follows. Section 2 gives useful reproducing kernel functions. The representation inW (Ω) and a
related linear operator are presented in Section 3. Section 4 presents the main results. The exact and approximate solutions
of Eq. (1.2) and an iterativemethod are developed for the kind of problems in the reproducing kernel Hilbert space.We prove
that the approximate solution converges uniformly to the exact solution. Numerical experiments are shown in Section 5.
Applied examples are given in Section 6. Some conclusions are given in the final section.

2. Reproducing kernel functions

We give some useful reproducing kernel functions in this space.

Definition 2.1. Let P ≠ ∅. A function Z : P×P → C is called a reproducing kernel function of the Hilbert spaceH if and only if
(a) Z(·, x) ∈ H for all x ∈ P ,
(b) ⟨ϱ, Z(·, x)⟩ = ϱ(x) for all x ∈ P and all ϱ ∈ H .

Definition 2.2. H1
2 [0, 1] is defined by:

H1
2 [0, 1] = {v ∈ AC[0, 1] : v′

∈ L2[0, 1]}.
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are the inner product and the norm for H1
2 [0, 1], respectively.

Lemma 2.3. Reproducing kernel function qs of reproducing kernel space H1
2 [0, 1] is presented by [11, page 123]:

qs(t) =


1 + t, t ≤ s,
1 + s, t > s.

Definition 2.4. F 2
2 [0, 1] is given as:
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Lemma 2.5. Reproducing kernel function rs of F 2
2 [0, 1] is given by [11, page 148]:
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Definition 2.6. We define the spaceW 4
2 [0, 1] by

W 4
2 [0, 1] = {v ∈ AC[0, 1] : v′, v′′, v(3)

∈ AC[0, 1], v(4)
∈ L2[0, 1]}.
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