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1. Introduction

The article presents a study of control problems for distributed systems, described by degenerate semilinear evolution
equations that are not resolved with respect to the time derivative. Interest to nonlinear control problems based on their
practical importance (see recent papers [1,2] and others). In Hilbert spaces X, % and U the statement of a problem for the
operator equation

Lx(t) = Mx(t) + N(t, x(t)) + Bu(t), (1.1)
x(to) = Xo, (1.2)
ue Uy, (13)
JOo ) = 0= Rl gy + 1= T 7000 (14)

where the set of admissible controls U; is a nonempty closed convex subset of controls space U, functions , il are given,
operators B € L(U; Y), L € L(X; Y),Ii.e. are linear and continuous. The operator L has a nontrivial kernel ker L # {0}. Also,
we assume that the operator M is a linear, closed, densely defined in X (M € CI(X; ¥)) and the operator of N is a nonlinear,
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defined on an open set Y C R x X. Such problem is an abstract framework for studying of control problems for various real
systems, describing by the systems of partial differential equations not solved with respect to time derivatives [3-5].

Firstly the existence of a unique strong solution of problem (1.1), (1.2) was proved in the case X = ¥, L = [ with
Caratheodory mapping N. Then these results and methods of degenerate operator semigroups theory [5] were used for
investigation of problem (1.1),(1.2) solvability with degenerate operator L. Similar results were obtained in [6] but in the case
of a smooth operator N. The research of initial problem (1.1), (1.2) allows to study the optimal control problem (1.1)-(1.4).
Examples in the last section illustrate general results.

This work is a continuation of optimal control problems research for degenerate distributed systems in [7-9], where
linear degenerate distributed control systems are considered.

2. The Cauchy problem for nondegenerate semilinear equation

Let Z be Banach space, A € J£(Z). Suppose that an operator B : (ty, T) X Z — Z is Caratheodory mapping, i. e. for every
z € Z it defines measurable mapping on (ty, T) and for almost all t € (tp, T) it is continuous in z € Z. Consider Cauchy
problem

z(to) = 2o, (2.1)
for the semilinear equation
z(t) = Az(t) + B(t, z(t)). (2.2)

A strong solution of (2.1),(2.2) on (to, T) is a function z € Wq] (to, T; Z), q € (1, 00), for which condition (2.1) and almost
everywhere on (tp, T) equality (2.2) hold.

Lemma 2.1. Let A € [£(Z), operator B : (ty, T) x Z — Z be Caratheodory mapping, for allz € Z and almost all t € (to, T)
the estimate

IB(t, D)z < a(t) +clizlz (2.3)

be satisfied with some a € Ly(tp, T; R), ¢ > 0. Then for every zo € Z the function z € Wq1 (to, T; Z) is a strong solution of
problem (2.1), (2.2) ifand only if z € Ly(to, T; Z) and almost everywhere on (to, T)

t
z(t) = et Az, 4 / et=94B(s, z(s))ds. (24)

to

Proof. Let z be a strong solution of problem (2.1), (2.2), then by condition (2.3) operator B is bounded from Ly(to, T; Z) to
Ly(to, T; Z). Integrating equality (2.2) on the interval (to, t), we obtain (2.4).

Letz € Ly(to, T; Z) almost everywhere on (tp, T) satisfy (2.4), then the function B(-, z(-)) € Ly(to, T; Z) and it can be
checked directly that z is a strong solution of (2.1), (2.2). e

Call amapping B : (tp, T) x Z — Z uniformly Lipschitz continuous in z, if there exists such | > 0, that for all (¢, y), (t, z)
from (tp, T) x Z the inequality ||B(t, y) — B(t, z)||z < l|ly — z||z holds. Put Ng = {0} UN.

Theorem 2.1. Let A € L(Z), an operator B : (ty, T) X Z — Z be Caratheodory mapping, uniformly Lipschitz continuous in z,
and B(-, v) € Ly(ty, T; Z) for some v € Z. Then for every zy € Z problem (2.1), (2.2) has a unique strong solution on (to, T).

Proof. It follows from the uniform Lipschitz continuity that ||B(t, z) ||z < ||B(t, v)|lz + [||v|z + ||z||z forall z € Z, a.e. on
(to, T), therefore, condition (2.3) is performed with a(t) = ||B(t, v)|z + l|v]lz, ¢ = L. By Lemma 2.1 it is enough to show
that Eq. (2.2) has a unique solution z € Ly(to, T; Z).

In the Banach space Lq(to, T; Z) we define an operator G by the equality

t
G(z)(t) = 04z, —|—/ e =94B(s, z(s))ds.

to

By condition (2.3) G : Ly(to, T; Z) — Lq(to, T; Z). As the G" we denote the rth power of the operator G, r e N.If T —t5 < 1
in the subsequent discussion we will replace T — t, by the unit. For almostall t € (t5, T),r € N,y,z € Ly(to, T; Z) we will
prove by the induction the inequality

K'(t — to) 1/
IC"M(®) — @Oz < %Ily = Zlltg(e0,1:29 (255)

where K = leT~©M4l2@ _ While r = 1 with help of a Hélder's inequality we have almost everywhere on (tg, T)

IGW)(®) = G@) (Ol < I~ M@ (¢ — t0)"VAly — 2]|1, 5,7,
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