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a b s t r a c t

In this paper, we study the different formulations of fuzzy difference equation xn =

wxn−1 + q, where w, q are positive fuzzy numbers. Using a generalization of division
for fuzzy numbers, we investigate the existence, uniqueness and global behavior of the
solution.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

One of the usual procedures for considering uncertainty in a dynamical system to predict the behavior of imprecise
real-world phenomena is the fuzzification of the corresponding crisp difference equations and differential equations [1,2].
Independently of the similar particular formulations of the equation in any model, we expect that the solution reflects
faithfully the real behavior of the system. Therefore getting different results through fuzzification of the unique crisp
equationmay seem unnatural and in some sense contradictory. However, we can consider this fact as an advantage of fuzzy
mathematics, due to the existence of several choices which can be examined through the scrutiny of the physical features
of the particular phenomena [1,3].

Fuzzy difference equation is a difference equation that initial values and parameters are fuzzy numbers and its solutions
are sequences of fuzzy numbers. Recently, there has been an increasing interest in the study of fuzzy difference equations
and applications of fuzzy systems [4–9]. Papaschinopoulos and Papadopoulos, in [10], studied fuzzy difference equation
xn+1 = A +

B
xn
, where xn is a sequence of fuzzy numbers and A, B are positive fuzzy numbers. In [11], Zhang et al. studied

the existence, boundedness and behavior of the positive solutions to fuzzy Riccati difference equation. Zhang et al. in [12]
considered the dynamical behavior of a third order rational fuzzy difference equation using a new definition of division.
Deeba and Korvin in [13] investigated the global behavior of first order linear fuzzy difference equation giving the frequency
of the genotypes on the n + 1 generation

xn+1 = wxn + q, (1)

where xn is a sequence of fuzzy numbers and w, q are positive fuzzy numbers. They applied Zadeh’s Extension Principle to
obtain the fuzzy solution. The solution of Eq. (1) is the sequence of fuzzy numbers satisfying in Eq. (1).

In this study, we consider two different inequivalent formulations of the crisp difference equation

xn = wxn−1 + q, q, w, x0 ∈ R+, (2)

in fuzzy setting, i.e.,

xn = wxn−1 + q, (3)
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and

xn − q = wxn−1, (4)

where xn is a sequence of positive fuzzy numbers and w, q, x0 ∈ R+

F . It is easy to see that the classical solution of Eq. (2)
where w ≠ 1, is given by

xn = wnx0 + q
1 − wn

1 − w
, n = 0, 1, . . . . (5)

The major contribution of this paper is to study the existence, uniqueness and global behavior of the solutions to Eqs. (3)
and (4), using the concept of g-division [14]. Depending on the properties of the problem, we may select an appropriate
formulation which reflects better the behavior of the modeled real-world problem. Similarly to the results of [3,15], we do
not give an answer to the question about which is the best formulation for the problem or the closest to the classical case.
In fact, we restrict our study to the analysis of the different inequivalent fuzzy versions of the crisp problem (2).

2. Preliminaries

For the convenience of readers, we give the following preliminaries, see [16,17]

Definition 2.1 ([16]). Consider a fuzzy subset of the real line u : R → [0, 1]. Then we say u is a fuzzy number if it satisfies
the following properties

(i) u is normal, i.e., ∃x0 ∈ R with u(x0) = 1,
(ii) u is fuzzy convex, i.e., u(tx + (1 − t)y) ≥ min{u(x), u(y)}, ∀t ∈ [0, 1], x, y ∈ R,

(iii) u is upper semicontinuous on R,

(iv) u is compactly supported i.e., {x ∈ R; u(x) > 0}, is compact.

Let us denote by RF the space of all fuzzy numbers. For 0 < α ≤ 1 and u ∈ RF , we denote α-cuts of fuzzy number u
by [u]α = {x ∈ R; u(x) ≥ α} and [u]0 = {x ∈ R; u(x) > 0}. We call [u]0, the support of fuzzy number u and denote it by
supp(u). For u, v ∈ RF , [u]α = [uα, uα], [v]α = [vα, vα] and λ ∈ R, the sum u + v, the scalar product λ.u, multiplication
uv and division u

v
in the standard interval arithmetic (SIA) setting are defined by

[u + v]α = [u]α + [v]α, [λ.u]α = λ[u]α, ∀α ∈ [0, 1],
[uv]α = [min{uαvα, uαvα, uαvα, uαvα},max{uαvα, uαvα, uαvα, uαvα, }],u
v


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,
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
, 0 ∉ [v]α.

Theorem 2.2 ([16]). Let us consider the functions

uα, uα : [0, 1] → R,

satisfy the following conditions

(i) uα ∈ R is a bounded, non-decreasing, left-continuous function on (0, 1] and it is right-continuous at 0.
(ii) uα ∈ R is a bounded, non-increasing, left-continuous function on (0, 1] and it is right-continuous at 0.
(iii) u1 ≤ u1.

Then there is a fuzzy number u ∈ RF that has uα, uα as endpoints of its α-cuts, uα .

Definition 2.3. A fuzzy number u is positive if supp(u) ⊂ (0, ∞). We denote by R+

F , the space of all positive fuzzy numbers.
Similarly, we denote the space of all negative fuzzy numbers by R−

F , where u ∈ R−

F iff supp(u) ⊂ (−∞, 0).

Definition 2.4 ([17]). Let u, v be fuzzy numbers with [u]α = [uα, uα], [v]α = [vα, vα], α ∈ [0, 1]. Then we define the
metric on the fuzzy numbers space as follows

D(u, v) = supmax{|uα − vα|, |uα − vα|}

where sup is taken for all α ∈ [0, 1].

Definition 2.5. Let x, y ∈ RF . If there exists z ∈ RF such that x = y + z, then z is called the H-difference of x, y and it is
denoted x ⊖ y.

We use this notation x ⊖ y to represent the H-difference of x and y, which is different, in general, from x − y = x + (−1)y.
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