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1. Introduction

We are concerned with quadrature rules for integrals of the form

1 4 ;
1) == [ f()du®), (1.1)
21 J_,
where the measure 1 (6) is nondecreasing and has infinitely many points of increase, and is such that all moments
1 [T .
W= e 0 du@), j=0,+1,+2,..., (1.2)
T Jn
exist and are finite. For notational convenience, we let © be scaled so that o = 1. The integrand f is assumed to be

continuous on the interval [—m, 7].
Introduce for polynomials g and h the inner product

V(7 ) o
& h = 7/ g(e")h(e™)du(®), (1.3)
v -7

where i := 4/—1 and the bar denotes complex conjugation. There is an infinite sequence of monic orthogonal polynomials
{¥; ]Pio with respect to this inner product. The ; are known as Szegd polynomials and satisfy the following recursion relations

Vo(2) = Y5 (2) =1, (1.4)
Vi@) =z¢;1(2) + y¥i (@), j=1,2,3,..., (1.5)
Vi (@) = yzvi-1@) + ¥, (), (1.6)
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where y*(2) := Zy;(z~"). Thus, if ;(2) = Yo B2, then ¥ (2) = YI_y BY,2. The v/ are sometimes referred to as
reversed polynomials. We have 1//j* (0) = 1forallj > 0 and, therefore, by (1.5), the recursion coefficients satisfy y; = ;(0),
j = 1,2,3,.... They are known as Schur parameters or reflection coefficients and satisfy |y;| < 1 for all j. The recursion

coefficients can be computed by combining (1.4)-(1.6) with
i = —(1, Z‘/fj—l)/25jf1,
3 = 3i—1(1 — |y,
where §o = 1. Many properties of Szegé polynomials are described in, e.g., [1,2].
We are interested in approximating the integral (1.1) by quadrature rules of the form

j=1,2,3,..., (1.7)

n
SO =Y o F"), o >0 K" er, (1.8)
k=1

where I' := {z € C : |z| = 1} denotes the unit circle in the complex plane. The A,((")

quadrature rule. The nodes depend on the parameter t. This will be discussed below.
Let A_(n—1),n—1 denote the set of Laurent polynomials

are nodes and the a),((") weights of the

n—1
La@= )Y a «eC, (1.9)
k=—(n—1)
of order at most n — 1. The quadrature rule (1.8) is said to be a Szegd quadrature rule if

SP() = 4(p) VP € A1, (1.10)
where the integral J is defined by (1.1). This requirement defines the n-point Szegé rule uniquely up to the location of one
node, say Aﬁ"), which can be chosen arbitrarily on the unit circle; see, e.g., [3,4]. There are no quadrature rules of the form

(1.8) that are exact for all Laurent polynomials of order n. The parameter t will be used to fix the node A(]"); see Section 2.
Laurent polynomials (1.9) with z = exp(if), 6 € R, are trigonometric polynomials in 6. For instance,
n—1
Ln1(exp(i6)) = ao + Y _(a cos(kf) + by sin(k0)),
k=1
for appropriate coefficients ai, by € C. Szegd quadrature rules are quadrature rules for trigonometric polynomials of
maximal order. This makes them attractive to use for the integration of periodic functions.

Example 1.1. In the special case when du(t) = dt, the moments are given by o = 1and p; = 0 forj > 1. All recursion
coefficients y; vanish and, therefore, ¥j(z) = Zforj = 0,1,2,.... The Szegé rule (1.8) has equidistant nodes A,ﬁ") erlr

on the unit circle and weights a),({m = 1/nfor 1 < k < n. This follows from Proposition 2.1 below. The node A(ln) e’
can be chosen arbitrarily. Thus, the Szeg6 rule is a trapezoidal rule. It is well known that the trapezoidal rule gives high
accuracy when applied to the integration of smooth periodic functions. Assume that the integrand f is analytic in the annulus
{zeC:1/p < |z| < p} for some p > 1.Then

IS (1) = 2Pl < Cp™, (1.1
where the constant C can be chosen independently of n; see Henrici [5] or Trefethen and Weideman [6] for details. O

It is the purpose of the present paper to present new quadrature rules for the approximation of integrals of the form (1.1).
They are analogues for integration on the unit circle of the generalized averaged Gauss rules proposed by Spalevi¢ [7,8].
The new rules use the same moment information as the Szegé rule (1.8) but can yield higher accuracy, because they use
more nodes. They also can be used to estimate the quadrature error

&(f) = 1(f) — S (f)
in Szegd rules (1.8). Estimation of the size of this error is helpful in determining how large n should be chosen in order to
obtain an approximation of desired accuracy.

This paper is organized as follows. Section 2 reviews an approach proposed by Gragg [3] for computing the nodes and
weights of an n-node Szegé quadrature rule (1.8) from the recursion coefficients. The latter can be determined from the
moments (1.2) by the Levinson or Schur algorithms; see, e.g., [3,9,10] for details on these algorithms. Sections 3 and 4
describe two analogues of the averaged Gauss rules proposed by Spalevi¢ [7,8] for integration on (part of) the real axis.
The new quadrature rules have 2n nodes on the unit circle; the set of quadrature nodes of the rules in Section 3 generally
do not contain the nodes of the Szegé rule (1.8) as a subset, while the rules described in Section 4 do. Anti-Szeg6 quadrature
rules, described in [11], furnish another approach to estimate the error in Szegé rules (1.8). They are analogues of the anti-
Gauss rules introduced by Laurie [12] for estimating the error in Gauss quadrature rules. We outline anti-Szegé rules in
Section 5. Computed examples that illustrate the performance of the generalized averaged quadrature rules and compare
them to anti-Szeg6 rules are presented in Section 6. Concluding remarks can be found in Section 7.
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