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In this paper, the following multiple fractional part integrals
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are studied for positive integer n and complex values of o, 8, j(j = 1,2, --- , n), where
{u} denotes the fractional part of u, 93(s) denotes the real part of sand S,, = x;+xp+- - -+x;,.
It is proved that If 1p can be represented as a linear combination of the Rlemann zeta

function, the Beta functlon and Euler’s constant as R(f) > —1. Moreover, Io‘1 %2279 can be

expressed by I, | #1.%2:7-%1-1 the Beta function and the incomplete Beta functlon forn =2, 3.

In addition, thgrécurrence formula of],;’fﬂ(n = 2,3,---) is established and ],‘jfﬂ can be
expressed by I 5 logarithmic function and some binomial coefficients.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we introduce the notation {u} to denote the fractional part of u which is defined by {u} = u — [u], where
[u] denotes the floor function of u. In [1], Furdui expressed the fractional part integrals

1 n n
/0{%} {11)(} dx, n=1,2,... (1.1)

by Euler’s constant or Riemann zeta functions. Moreover, Furdui also summarized some explicit expressions of the special
class of single and double fractional part integrals in [2] and discussed the closed form of the following multiple fractional
part integral in [3]

k
X1 Xp_
/ { 1 n 1} dxy - - - dx,, (1.2)
[0,1]" Xn
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where n > 3 and k > 1 are integers. In [4], Yu proved that the multiple fractional part integral

1
/ dxy---dx,, n=1,2,... (1.3)
o, L X1 Xn

can be represented as the linear combination of the Euler’s constant and Stieltjes constants. It is worth noting that the
following multiple fractional part integrals [5-9]

n
P — / [T (5" - - dx, (14)
[0.1]" j=1
and
Tom =f SEAS " dxy - - dxy (1.5)
[0,11"
are considered for non-negative integers p, m, p; j = 1, ..., n) and positive integer n, where S, = x; + X, + - - - + x,. Qin

calculated the integraljg1 which was proposed by Furdui as a problem in [5] and expressed the integrals]rﬂ{m n=1,2,3)

in terms of the Riemann zeta function and Euler’s constant in [6]. In [7], Furdui shown that integrals If.m and jgm can be
expressed by the Riemann zeta function and Euler’s constant. Moreover, a recurrence formula for calculating the integral
,’1’ ; was given in [8]. In [9], Li proved that the integrals Iﬁ,‘,’npz """ Prm=2,3) and]ﬁ,m can be expressed as linear combinations
of the Riemann zeta function, logarithmic function and some binomial coefficients. Recently, fractional integrals have
been used to deal with physical problems, such as fractional differential equations [10,11], the multi-term time fractional
diffusion-wave equations [12], fractional Sturm-Liouville boundary value problems [13].

The integrals (1.4) and (1.5) can be generalized to the following multiple integrals of fractional part

n
[ = / [1%° {51} dxy - - dx, (1.6)
[0.1]" j=1
and
ey = / se sy} dxy - dxa, (1.7)
[0,1]"
wherea, B, (j = 1,2, ...,n) € Cand %(s) denotes the real part of the complex number s. For convenience, we introduce
the following symbol
1 1 B
15 =1y, =]%, = x¥ -1t dx. 1.8
T o

The aim of this paper is to calculate the integral Ig‘ and derive the recurrence formula for I,i ‘ﬁ’“z’“"“” (n=2,3) and
,‘{ﬂ n=2,3,...).
The structure of this paper is as follows. In Section 2, we focus on the relation between Ig and the Riemann zeta function,

the Beta function, Euler’s constant. In Section 3, the recurrence formulas for I:i 1/3'“2""‘“" (n = 2, 3) are established. In Section 4,

we concern about the recurrence formula for ],‘1”13 (n =2, 3,...)and the relation between ],‘fﬁ and Ig. A final conclusion is
given in Section 5.

2. The evaluation of I;;‘

In this paper, the Beta function B(«q, a3) [14] and the incomplete Beta function B(x; o1, «r3) [15] are defined by

1 X
B(om,ozz):/ t971(1 — t)*2~1dt, B(x; a1,a2):/ 9711 — )%, 0<x<1, (2.1)
0 0

where o, @y € C and R(aq), R(az) > 0. Moreover, there are some properties of B(wq, @) and B(x; oy, ) [14,15]
expressed as follows

B(aq, o) = B(X; a1, ot2) + B(1 — X; ap, 07) (2.2)
and

INGIPINCY))

[(ay+az)’ (23)

B(az, 1) = B(ay, az) =
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