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a b s t r a c t

In this contribution we deal with a varying discrete Sobolev inner product involving the
Jacobi weight. Our aim is to study the asymptotic properties of the corresponding orthog-
onal polynomials and the behavior of their zeros. We are interested in Mehler–Heine type
formulae because they describe the essential differences from the point of view of the
asymptotic behavior between these Sobolev orthogonal polynomials and the Jacobi ones.
Moreover, this asymptotic behavior provides an approximation of the zeros of the Sobolev
polynomials in terms of the zeros of other well-known special functions. We generalize
some results appeared in the literature very recently.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

One of the aims of this paper is the study of the asymptotic behavior of sequences of polynomials {Q (α,β,Mn)
n }n≥0 orthog-

onal with respect to the inner product

(f , g)S,n =

 1

−1
f (x)g(x)(1 − x)α(1 + x)βdx + Mnf (j)(1)g(j)(1), (1)

where α > −1, β > −1, and j ≥ 0.
We assume that {Mn}n≥0 is a sequence of nonnegative real numbers satisfying

lim
n→∞

Mnnγ = M > 0, (2)

where γ is a fixed real number. Notice that this assumption is not very restrictive since the sequence {Mn}n≥0 can behave
asymptotically like any real power of the monomial n.

The main motivation to study this type of inner product arises from the papers [1,2]. In [1] the authors work with a
measure supported on [−1, 1]. However, in [2] the authors deal withmeasures supported on an unbounded interval. In both
cases the authors consider measures with nonzero absolutely continuous part, i.e., they work with the so-called continuous
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Sobolev orthogonal polynomials. The main topic in those papers is how to balance the Sobolev inner product to equilibrate
the influence of the two measures in the asymptotic behavior of the corresponding orthogonal polynomials. This inspires
us to consider the discrete Sobolev inner product

(f , g)S =


fgdµ0 + M


f (j)g(j)dµ1 =


fgdµ0 + Mf (j)(c)f (j)(c),

which is a perturbation of a standard inner product. Now, making M dependent on n we can study the influence of the
perturbation on the asymptotic behavior of the orthogonal polynomials. The literature on discrete Sobolev (or Sobolev-type)
orthogonal polynomials is verywide, sowe refer the interested readers on this topic to survey [3] and the references therein.

From here, in [4] the authors found the asymptotic behavior of a family of orthogonal polynomials with respect to a
varying Sobolev inner product similar to (1), involving the Laguerre weight w(x) = xαe−x, α > −1. We remark that the
techniques used in [4] are not useful in this case, and now we need to use more powerful techniques based on those con-
sidered in [5]. More recently, in [6] the same authors have even improved these techniques in such a way that they have
obtained relevant results for the orthogonal polynomials with respect to a non-varying discrete Sobolev inner product being
µ0 a general measure.

Previously, in [7] J.J. Moreno-Balcázar obtained some results in this direction but only for the case j = 0. Again, the
method used in that paper does not allow to tackle our problem.

We want to emphasize that our objective is to establish that the size of the sequence {Mn}n≥0 has an essential influence
on the asymptotic behavior of the orthogonal polynomials with respect to (1), but this influence is only local, that is,
around the point where we have introduced the perturbation. In our case, this point is located at x = 1. Furthermore,
we prove that this influence depends on the size of the sequence {Mn}n≥0 and its relation with the parameter α in the Jacobi
weight and the order of the derivative in (1). It is important to remark that for a sequence {Mn}n≥0, we have a sequence of
orthogonal polynomials for eachn, sowehave a square tableau {Q (α,β,Mn)

k }k≥0. Here,wedealwith the diagonal of this tableau,
i.e. {Q (α,β,Mn)

n }n≥0 = {Q (α,β,M0)
0 (x),Q (α,β,M1)

1 (x), . . . ,Q (α,β,Mi)
i (x), . . .}. At this point, in order to simplify the notation, wewill

denote Q (α,β,Mn)
n (x) = Qn(x).

A second aim of this paper is to establish a simple asymptotic relation between the zeros of the Sobolev polynomials
which are orthogonal with respect to (1) and the zeros of combinations of Bessel functions of the first kind. This relation is
deduced as an immediate consequence of Mehler–Heine formulae (Theorem 2) and they have a numerical interest since we
provide an estimate of the zeros of these polynomials.

Since Jacobi classical orthogonal polynomials are involved in the varying inner product (1), we recall some of their basic
properties. Jacobi polynomials are orthogonal with respect to the standard inner product

(f , g) =

 1

−1
f (x)g(x)(1 − x)α(1 + x)βdx, α, β > −1.

In the sequel, we will work with the sequence {P (α,β)n }n≥0, α > −1 and β > −1, normalized by (see [8, f. (4.1.1)])

P (α,β)n (1) =


n + α

n


=

Γ (n + α + 1)
Γ (n + 1)Γ (α + 1)

. (3)

The derivatives of Jacobi polynomials satisfy (see, [8, f. (4.21.7)])

(P (α,β)n (x))(k) =
1
2k

Γ (n + α + β + k + 1)
Γ (n + α + β + 1)

P (α+k,β+k)
n−k (x), k ≥ 0. (4)

Using (3) and (4), we deduce

(P (α,β)n (1))(k) =
1
2k

Γ (n + α + β + k + 1)
Γ (n + α + β + 1)

Γ (n + α + 1)
Γ (n − k + 1)Γ (α + k + 1)

, (5)

where (P (α,β)n (1))(k) denotes the kth derivative of P (α,β)n evaluated at x = 1.
We also note that the squared norm of a Jacobi polynomial is (see, [8, f. (4.3.3)]):

∥P (α,β)n ∥
2

=
2α+β+1

2n + α + β + 1
Γ (n + α + 1)Γ (n + β + 1)
Γ (n + 1)Γ (n + α + β + 1)

. (6)

Finally, we will use the Mehler–Heine formula for classical Jacobi polynomials

Theorem 1 ([8, Th. 8.1.1]). Let α, β > −1. Then,

lim
n→∞

n−αP (α,β)n


cos

 x
n


= lim

n→∞

1
nα

P (α,β)n


1 −

x2

2n2


= (x/2)−α Jα(x),
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