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a b s t r a c t

We introduce a new concept for generating optimal quadrature rules for splines. To
generate an optimal quadrature rule in a given (target) spline space, we build an associated
source spacewith known optimal quadrature and transfer the rule from the source space to
the target one, while preserving the number of quadrature points and therefore optimality.
The quadrature nodes and weights are, considered as a higher-dimensional point, a zero
of a particular system of polynomial equations. As the space is continuously deformed
by changing the source knot vector, the quadrature rule gets updated using polynomial
homotopy continuation. For example, starting with C1 cubic splines with uniform knot
sequences, we demonstrate the methodology by deriving the optimal rules for uniform C2

cubic spline spaces where the rule was only conjectured to date.We validate our algorithm
by showing that the resulting quadrature rule is independent of the path chosen between
the target and the source knot vectors as well as the source rule chosen.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Numerical integration of univariate functions is a fundamentalmathematical taskwhich is a subroutine ofmany complex
algorithms and is typically frequently invoked. Naturally, such an integration (or quadrature) rule must be as efficient as
possible. We derive a new class of quadrature rules that are optimal in the sense that they require the minimum number of
function’s evaluations.

A quadrature rule, or in short a quadrature, is anm-point rule, ifm evaluations of a function f are needed to approximate
its weighted integral over a closed interval [a, b] b

a
w(x)f (x) dx =

m
i=1

ωif (τi) + Rm(f ), (1)

where w is a fixed non-negative weight function defined over [a, b]. The rule is required to be exact, that is, Rm(f ) ≡ 0 for
each element of a predefined linear function space L. The rule is said to be optimal if m is the minimum number of weights
ωi and nodes τi; in this case, nodes are points at which f is evaluated.
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Fig. 1. Spline space initialization flowchart.

For the space of polynomials, the optimal rule is known to be the classical Gaussian quadrature [1] with the order of
exactness 2m − 1, that is, only m evaluations are needed to exactly integrate any polynomial of degree at most 2m − 1.
Consider a sequence of polynomials (p0, p1, . . . , pm, . . .) that form an orthogonal basis with respect to the scalar product

⟨f , g⟩ =

 b

a
f (x)g(x)w(x)dx. (2)

The quadrature points are the roots of themth orthogonal polynomial pm which in the case when w(x) ≡ 1 is the degree-m
Legendre polynomial [2].

In this paper, we focus on piece-wise cubic polynomials, i.e., cubic splines, but the methodology is general and could be
used for higher degrees as well. A univariate space of cubic splines is uniquely determined by its knot vector. This knot vector
is a non-decreasing sequence of real numbers called knots, and the multiplicity of each knot determines the smoothness
between the cubic pieces. To simplify the argument, we first study uniform knot vectors with all interior knots with uniform
multiplicity. In particular, we investigate knot vectorswith single interior knotswhich yield C2 cubic splines and knot vectors
with double interior knots which give C1 cubic splines. For a more detailed introduction on splines, we refer the reader to
[3–5].

The quadrature rules for splines have been studied since the late 50s [6–9]. Firstly conjectured by Schoenberg [6] and
later proved by Micchelli and Pinkus [8], the conditions of the existence and uniqueness of the optimal (Gaussian) rule
have been derived. For spline spaces with maximum continuity (e.g., C2 cubic splines), Micchelli and Pinkus [8] proved that
a unique Gaussian quadrature rule always exists. Their result, moreover, also reveals a nice phenomenon: the number of
optimal nodes stays fixed as long as the number of interior knots stays constant. Therefore if one desires to derive a class
of quadrature rules with the same number of nodes, spline spaces with higher continuity must have adequately more sub-
intervals (elements) than spaces of lower continuity. This is natural because splines of lower continuity are limits of those
of higher continuity, when merging continuously two (or several) knots together, and their result is in agreement with this
fact.

For spaces with lower continuity, or when boundary constraints are involved, the rule is not guaranteed to be unique.
Only spaceswith fixed continuitieswere studied in [8]. To the best of our knowledge, the results on existence anduniqueness
are not known for spaces built above knot vectors with mixed continuities; we refer to these as knot vectors with mixed
multiplicities. For example, for cubic splines, this includes knot vectors with both single and double knots. In this work, we
derive quadratures for this kind of mixed continuity spaces and show numerically that optimal quadratures exist.

We use the observation that one spline space with multiple knots is a limit case of another spline space with the same
number of single knots (when counting the multiplicities) when two, or several, knots merge. Abstracting this merging as a
continuous transition between the two knot vectors of the same cardinality, the source and the target ones, we continuously
evolve the corresponding spline spaces from one into the other. The quadrature rule also depends continuously on the spline
space since the quadrature rule can be seen as a zero (root) of a certain polynomial system and an infinitesimal change of
the system does not significantly change the root. Based on these facts, we propose a new methodology that for a given
(target) spline space S generates an associated source spaceS where the Gaussian quadrature rule is known. These spaces
are generated above knot vectors X and X, respectively, and the quadrature rule Q ofS is numerically traced as X evolves
into X, see Fig. 1.

The rest of the paper is organized as follows. Section 2 briefly overviews the homotopy continuation of polynomial
systems and Section 3 summarizes a few basic properties of cubic splines. In Section 4, we introduce a homotopy-
continuation-based algorithm, and in Section 5, we discuss the results and the validity of the new quadratures obtained.
Finally, in Section 6, we summarize our conclusions and describe the directions for future research.

2. Homotopy continuation for polynomial systems

Polynomial homotopy continuation (PHC) is a numerical scheme that solves polynomial systems of equations. This
approach was introduced to solve the problem of movability of kinematic mechanisms [10] where the variables are the
free parameters of a certain mechanism tied together by a set of polynomial constraints. However, the unknowns and the
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