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1. Introduction

Our concern is with a stable finite element scheme handling the singular behavior at the corner of solutions for the
stationary Navier-Stokes equations on a (non-convex) polygon. For this we employ a known decomposition (see [1]) of the
solution into a singular part plus a regular part near the non-convex vertex. The singular part consists of the multiplication of
the coefficients and the leading corner singularities for the Stokes operator with no-slip boundary condition on the infinite
sector. It is seen from [ 1] that each coefficient of the corner singularities is regarded as a continuous linear functional on the
space H* =2 x H*~ ! for sy A; + 1, called the stress intensity factor, and the regular part is known to have the H? x H'-regularity
provided that the given force has the L?-regularity, where A; € (1/2, 1) denotes the singular exponent. In this paper we
propose a finite element scheme for the stress intensity factors and the regular part.

Let £2 be a non-convex polygon in the plane R? with the boundary I' = 32. The stationary Navier-Stokes equations to
be considered in this paper are

—pnAu+ (u-Vyu+Vp=1£f ing2,
divu =g in 2, (1.1)
u=0 onrl,

where u is the velocity vector, p is the pressure; w is a viscous number with ©y0; f and g are given functions with

fg g dx = 0. Usually the right hand side g is set to be zero for incompressibility but the non-vanishing g # 0 is for specifying
the regularity of g in the coefficients of the corner singularities (see (2.1)). In this paper we assume that the boundary I

* Corresponding author.
E-mail addresses: choihjs@gmail.com (H.J. Choi), kweon@postech.ac.kr (J.R. Kweon).
1 Current address: Research Center, Samsung SDS, Seoul 138-240, Republic of Korea.

http://dx.doi.org/10.1016/j.cam.2015.07.006
0377-0427]/© 2015 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.cam.2015.07.006
http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cam.2015.07.006&domain=pdf
mailto:choihjs@gmail.com
mailto:kweon@postech.ac.kr
http://dx.doi.org/10.1016/j.cam.2015.07.006

H.J. Choi, J.R. Kweon / Journal of Computational and Applied Mathematics 292 (2016) 342-362 343

Re
2.0y

1.0

0.0 _ ~ . . y W
30w 35 4.0 4.5 5.0 3.5 6.0 2@

Fig. 1. The singular exponents A;.

has only one non-convex vertex P, for simplicity. Denote by @ := w, — w1y 7 an opening angle at P, where w; are numbers
satisfying wy < wy < w1 + 27.

Throughout this paper we will use the corner singularity functions for the Stokes operator L[v, q] = [—uAv+V(q, —divv]
with no-slip boundary condition (see [2, Section 5.1]). The leading singular eigenvalues A;, which are the roots of the
trigonometric equation: sin(Aw) — A2 sin® w = 0, are real and ordered by

Casel: 12 <M <m/w<Aiy=1<A3 <2m/w, o€ (T,w,], (1.2a)
Case2: 12 <M <m/w <Ay <A3=1<2m/w, o€ (w4, 27), (1.2b)
where w, & 1.4303x is the solution of the equation: tan®w = w in the interval (0, 277 ]. Throughout this paper we shall

consider Case 2 for a generalization. Letting the non-convex vertex be placed at the origin, the corner singularities for velocity
and pressure are given by

@ = p ) rNTO), ¢ = xrMTEO), (1.3)
where 7;(0) and &;(0) are certain smooth trigonometric eigenfunctions for velocity and pressure, corresponding to the eigen-
value A;, and yx is a smooth cutoff function which has a support near the origin. Obviously the function 7; satisfies 7;(w;) =
Ti(w7) = 0. In particular, for A; = 1, the singularities are @; = 0 and ¢; = 4, which are smooth functions. See Fig. 1.

In what follows, for an open set D C R?, W*9(D) denotes the usual fractional Sobolev space with norm lvls,q,p and
L>°(D) the measurable space with norm |v|s p := esssup{|v(x)| : x € D} (see [3]). If ¢ = 2, denote by H (D) = W*2(D)
and [|[v[ls,p = [lvls,2,p- Also we define Hj(D) = {v € H'(D) : v|sp = 0},L§(D) = {v € L*(D) : [,vdx = 0}, Hy(D) =
H*(D) N H(l](D) fors > 1, and H(D) = H'(D) N L%(D) for s > 0. Let H™*(D) be the dual space of H}(D) with ||f[|_sp =
sup{{f, v)/llvlls,p : 0 # v € Hy(D)}, where (, ) means the duality pairing. Similarly H~(D) denotes the dual space of H*(D)
and H’ also means the dual space of H. Furthermore denote by H*(D) = H*(D) x H*(D) and similar for other spaces.If D = £2,
we will omit the domain §2 in spaces and norms such as H* = H*(£2) and ||v||s = ||v||s.e2- Throughout this paper let Cy0
be a generic constant only depending on the domain £2. Define the number s; = A; + 1, which is used in classifying the
regularity order space of the solution depending on the corner singularity.

We state a basic corner singularity result for the Navier-Stokes equations (1.1).

Theorem 1.1 (Theorem 1.2 in [1]). Suppose that f € H™' and g € L2 Let

Jol(w - V)u] - vdx

N =su 5 s
Puvwel | Gy [ Vil [ VW],

whereV = {v € H) : divv = 0} If uy[CiN (Ifll—1 + illgllo)]'? + Ciligllo for some given constant C; 70, there is a unique
solution [u, p] € Hy x L3 of the problem (1.1), with u|lully + lIpllo < Ca(lIfll—1 + 2llgllo) for some constant C,.

Furthermore, for a number s satisfying w/w + 1 < s, < s < 2 we assume that f € "2 and g € H 1 If uy Gy (||flls—2 +
wliglls—1)/? for some given constant C,7 0, there are some coefficients C; and a regular part [ug, pz] € Hj x H*~1 such that the
solution [u, p] can be split by

2 2
u=>) Cbi+u, p=)y Cii+Dps (14)

i=1 i=1

and the remainder [ug, pr] and the coefficients C; satisfy the regularity estimate:

2
plluells + Ipells—1 + Y 1€l < Gollflls— + wliglls—1)- (15)

i=1
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