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1. Gram matrix of Bernstein basis

Let Bl'(t) = (T) t‘1 — )™ i = 0,...,m, be the standard Bernstein polynomials of degree m, and define an
(m+1) x (n+ 1) matrix Gy, = (&T”)osigm, 0<j<n With entries

mn .__ ;pm pn\ __ ! m n _ 1 m n m-+n
g ._(B,.,Bj)_[0 B! (t)Bj(t)dt—m<i)(j>/<H_j). 1)

Whenn =m, Gun = (g,?m)osi,jsm is called the Gram matrix of the Bernstein basis {Bf, ..., Bj}. It is well-known that the
Gram matrix is symmetric positive definite [1].

When a function is approximated in the least-squares minimization by a Bézier curve represented as a linear combination
of control points and Bernstein polynomials, we have to solve a linear system of normal equations, where the inversion of
a matrix is unavoidable. In addition, in the field of constrained degree reduction, many methods [2-4] suffer from this
limitation. An alternative is to employ orthogonal polynomials or dual polynomials, so that the linear system is trivially
solved and the control points are explicitly obtained.

Denote by H,(,f“l) = span{By}, ..., By_;} (k,1 > 0, k + | < m) the space of all polynomials defined on [0, 1] of degree at
most m, whose derivatives of order < k — 1 att = 0 and of order < | — 1 att = 1 vanish. The constrained dual Bernstein
basis of degree m, D,Em’k’l), e D;;"_”,"l) e MY satisfies (Di(m‘k"), B") = §jfori,j =k, ..., m—I; see[5-8] for more details.

Throughout the paper, we assume k, [ > 0and k+I < m, and we denote by G¥ = (&;"™ k=i j<m—1 the principal submatrix

of the Gram matrix Gy, = (g,-’j"’")ofi,jf,,,. Obviously, Gﬁim = Gpum Wwhenk =1=0.

2. Properties

The following two lemmas indicate the transformation matrices between the Bernstein basis and the constrained dual
Bernstein basis of H,(,,k"). Especially, it is important to observe from Lemma 1 that Gﬁm is exactly the transformation matrix

from the constrained dual Bernstein basis to the Bernstein basis.
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Lemmal. (B],...,B" )" =G x (D™D, ... D%\ where GK = (8™ k=i j<m—1 With entries expressed in (1).

Proof. Let BI'(t) = Z]_k a,]D(mk')(t) i =k ...,m—LThena; = (B, B") = g™ follows from (DS"”"'),B]T") = 8y,
similar to the proof of [9, Lemma 21]. O

Lemma 2 ([7,9]). (D™, ..., DI™DYT = ¢k BM, ..., B" )T, where CK = (cj(m, k, D))i<ij<m_i Whose entries
(abbreviated as c;;) satisfy the followmg recurrence relation. The entries in the first row are (wherej =k, ..., m —1)
, -1 Tim—k—1 k—1+1 k4+1+1
o=tk (5 (M) (") (" (M) @
k j j—k 2k +1 k+j+1
The entries in the row with row-indexi+1=k+1,..., m — lare (wherej=k,...,m—1)
Cit1j = A( ) —[2(i = A +j— m)cy + B()Cij—1 + AG)Cijr1 — B(D)ci1,4] (3)

withA(u) = (u—m)(u—k+1)(u+k+1)/(u+1),Blw) :=u@w—m—-I1—1)(u—m+I1—1)/(u—m— 1), and by convention
cj=0ifiorj&{k,...,m—1I}.

Remark 1. Besides the recursive scheme to compute the coefficients ¢;;(m, k, I), explicit formulas are also presented in [7].
The recursive scheme enables more efficient computation.

i ki Kl i ios:
Proposition 1. Gf. and CS . have the following properties:

ki ki ki k.
(@) G ™! = Chtps (C )™ =G
(b) Gﬂm and C¥  are symmetric positive definite;

kl kl . . . . . L. . . .
(c) When k.: I, G, and C,, are persymmetric. (Note: a matrix is called persymmetric if it is symmetric with respect to the
minor diagonal.)

Proof. (a) follows immediately from Lemmas 1 and 2, and (b) can be verified from the fact that G, is symmetric positive
definite [1,3].
To prove (c), let

—~1
Il

1
bean(m —k —1+ 1) x (m — k — |4+ 1) permutation matrix, and let

kL Tkl T kl ~kl_ Tkl 7
G = (G DT =16M T cH o= (ck DT =1ck 1.

mm=> mm
Since k = land g™, = g™ hold forall i,j = k, ..., m — I, G is persymmetric, which means G\, = G, Then we
can derive
Tek T Feokl =17 _ gkl 1 M \=1 _ ki Fhl K
Il T=TGH )y T=@ )y =¥y T =ck =4 =ck

which means that C¥_ is also persymmetric. [

Remark 2. By using the explicit formulas for coefficients ¢;;(m, k, ) (cf. [7, Eq. (2.8)]), it is easy to observe that the matrix
CM is symmetric and is also persymmetric when k = I. Here, we prove them from the fact that G, and C¥  are related as
the transformation matrices between the Bernstein basis and the constrained dual Bernstein basis. Additionally, we show
that CXis positive definite.

Now, we propose fast calculation of GK, and X

mm» USiNg the symmetry property.

Proposition 2. For Gl:r’lm = (gi?'")kgi,jfm_,, only some entries are calculated by (1) and the others are assigned by symmetry.
More precisely,

Casel (k=1)

1.1 Calculateg,Tmfori:k,..., L%J,j:i,...,m—i;
12 Setgi™ =g fori=k,..., 5], j=i+1,....m—i
1.3 Setgm_jm l—ngmforizk,...,m—l—1,j=k,...,m—i—l.
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