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h i g h l i g h t s

• This manuscript represents the continuation of the previous work of the author, related to a class of highly nonlinear neutral stochastic
differential equations with time-dependent delay.

• Main results of thismanuscript are convergence in probability and almost sure exponential stability of the backward Euler approximate
solution for a class of stochastic differential equations with constant delay.

• Conditions under which both, the exact and approximate solutions share the property of the almost sure exponential stability are
revealed.

• This paper also illustrates that, in some cases, stochastic differential equations with constant delay should be studied separately from
those with time-dependent delay. In that sense, it should be stressed that results of this paper are obtained under weaker conditions
comparing to those which would be obtained by replacing the time-dependent delay by the constant delay.
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a b s t r a c t

This paper can be regarded as the continuation of the work contained in papers Milošević
(2011, 2013). At the same time, it represents the extension of the paper Wu et al.
(2010). In this paper, the one-sided Lipschitz condition is employed in the context of
the backward Euler method, for a class of neutral stochastic differential equations with
constant delay. Sufficient conditions for this method to bewell defined are revealed. Under
certain nonlinear growth conditions, the convergence in probability is established for the
continuous forward–backward Euler method, as well as for the discrete backward Euler
method. Additionally, it is proved that the discrete backward Euler equilibrium solution is
globally a.s. asymptotically exponentially stable, without requiring for the drift coefficient
to satisfy the linear growth condition.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction and preliminary results

There is already an extensive literature related to (neutral) stochastic differential delay equations or (neutral) stochastic
functional differential equations because of many possibilities for their application. Different qualitative and quantitative
properties of solutions to these equations, under linear growth condition on coefficients, are studied, for example, in [1–5].

However, inmany cases it is necessary to employhighly nonlinear stochastic differential equations, that is, equationswith
coefficients which do not satisfy the linear growth condition. We refer the reader to [6–13] and the literature cited therein,
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where the existence, uniqueness, stability and approximations of solutions are considered, for stochastic differential delay
equations and neutral stochastic differential equations with time-dependent delay.

The subject of this paper is consideration of implicit numerical methods for a class of neutral stochastic differential
equations with constant delay, under certain nonlinear growth conditions, known as Khasminskii-type conditions. These
conditions represent the appropriate modifications of conditions from the paper [11], which deals with neutral stochastic
differential equations with time-dependent delay. In [11], the author proved the existence and uniqueness of solution,
as well as the convergence in probability of the appropriate Euler–Maruyama solution to the exact solution under these
conditions. Also, in [12], global a.s. asymptotic exponential stability of the exact equilibrium solution to the equation of this
type is established, without the linear growth condition on the drift coefficient of the equation. By adding the linear growth
condition for the drift coefficient, the same type of stability is proved for the Euler–Maruyama equilibrium solution.

Thus, it is natural to investigate under which conditions the exact and the appropriate approximate solutions share
same properties. For example, in [14], the author studied global a.s. asymptotic stability of exact and numerical equilibrium
solutions for neutral stochastic pantograph equations, under nonlinear growth conditions. In [15], the analysis of implicit
numerical methods for ordinary stochastic differential equations with non-globally Lipschitz continuous coefficients is
presented. Moreover, in [16,17], more general numerical θ-method for ordinary and delay stochastic differential equations
is considered under certain nonlinear growth conditions.

The main motivation for this paper came from [15], where authors proved that the backward Euler equilibrium solution
for stochastic differential equations with constant delay is globally a.s. asymptotically exponentially stable, without the
linear growth condition on the drift coefficient of the equation. However, the one-sided Lipschitz condition is required in
order for the backward Euler method to be well defined. Bearing in mind these results and results from [11,12], it was
natural to investigate weather or not the backward Euler method for neutral stochastic differential equations with constant
delay can give globally a.s. asymptotically exponentially stable solutions, without the linear growth condition on the drift
coefficient. It should be stressed that, in further analysis, the global Lipschitz condition on the coefficient of the equation is
not required. However, we will require for the drift coefficient of the equation to satisfy the one-sided Lipschitz condition.

The one-sided Lipschitz condition is successfully exploited in the context of numerical analysis of stochastic differential
equations, as one can observe from the papers [15,18–21] and the monograph [22], as well as from the references cited
therein.

Contents of this paper are given below.
First, the basic notation and hypotheseswhich are necessary for proving themain results of this paperwill be introduced.

Then, in Section 2 we will define the backward Euler method for neutral stochastic differential equation with constant
delay. Employing the one-sided Lipschitz condition for the first argument of the drift coefficient of the equation, we will
reveal the scope of the step-size for which the backward Euler method is well defined. In Section 3, we will show that the
forward–backward and backward Euler solutions converge in probability to the exact solution of the equation. Finally, in
Section 4, we will establish the global a.s. asymptotic exponential stability of the backward Euler solution, under slightly
stronger assumptions then those from previous sections. It should be stressed that this result will be obtain without the
linear growth condition on the drift coefficient.

Before introducing the main results of this paper, we present the basic notation and hypotheses which are necessary
for further consideration. Because of the fact that this paper is closely related to papers [11] and [12], these notation and
hypotheses are mostly the same as those from these papers. However, they will be introduced here for the consistency of
the paper. Thus, the initial assumption is that all random variables and processes are defined on a filtered probability space
(Ω, F , {Ft}t≥0, P)with a filtration {Ft}t≥0 satisfying the usual conditions (that is, it is increasing and right-continuous, and
F0 contains all P-null sets). Letw(t) = (w1(t), w2(t), . . . , wm(t))T , t ≥ 0 be anm-dimensional standard Brownianmotion,
Ft-adapted and independent ofF0. Let the Euclidean norm be denoted by | · | and, for simplicity, trace[BTB] = |B|2 formatrix
B, where BT is the transpose of a vector or a matrix.

For a given τ > 0, let C([−τ , 0]; Rd) be the family of continuous functions ϕ from [−τ , 0] to Rd, equippedwith the supre-
mum norm ∥ϕ∥ = sup−τ≤θ≤0 |ϕ(θ)|. Also, denote by Cb

F0
([−τ , 0]; Rd) the family of bounded, F0-measurable, C([−τ , 0];

Rd)-valued random variables.
The following consideration is related to the neutral stochastic differential equation with constant delay of the form

d[x(t) − u(x(t − τ), t)] = f (x(t), x(t − τ), t)dt + g(x(t), x(t − τ), t)dw(t), t ≥ 0, (1)

satisfying the initial condition

x0 = ξ = {ξ(θ), θ ∈ [−τ , 0]}. (2)

Coefficients of Eq. (1)

f : Rd
× Rd

× R+ → Rd, g : Rd
× Rd

× R+ → Rd×m, u : Rd
× R+ → Rd,

are all Borel measurable functions and x(t) is a d-dimensional state process. The initial condition ξ is supposed to be a
Cb

F0
([−τ , 0]; Rd)-valued random variable.
A d-dimensional stochastic process {x(t), t ≥ −τ } is said to be a solution to Eq. (1) if it is a.s. continuous, Ft-adapted,

∞

0 |f (x(t), x(t − τ), t)|dt < ∞ a.s.,


∞

0 |g(x(t), x(t − τ), t)|2dt < ∞, a.s., x0 = ξ a.s. and for every t ≥ 0, the integral form
of Eq. (1) holds a.s.
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