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1. Introduction

In this paper we study condition numbers for the spectral projections of the multivariate eigenproblem:
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where A;, E; € C™", B, oj are complex variables and x; # 0 € C" forj = 1, ..., p. The periodic matrix pairs {(4;, Ej)}le

are called regular if
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Let the matrix pairs {(A;, EJ)} _, be regular. If there are complex numbers oy, ..., &p, B1, ..., Bp with (]_[]‘-’:1 o, [T2, B) #
(0, 0) satisfying

A1, ..., O _
det|:C<ﬂ17_”’ﬂ§>]—0,

then we say that (]_[p 19, ]_[] 1 Bj) is an eigenvalue pair of {(A;, Ej)}]p 1 If (7o, ) is an eigenvalue pair of {(A;, E])}

then (7ry, 7g) and (rna, T7p) represent the same eigenvalue for any nonzero 7. If g # Othen A = m,/ng is a f1mte

eigenvalue; otherwise (77, 0) represents an infinite eigenvalue. The set of all eigenvalue pairs of {(4;, Ej)}f=1 is denoted by

A{(A;, Ej)}f:1). The detailed discussion of the eigenvalue problem for regular periodic matrix pairs can be found in [ 1-4].
When {(A;, Ej)}]’.’:1 is regular, there exist unitary matrices U;, V; € C"™" such that [1,4]

AD A0\ ED B\ .
A,»:U,»((1)1 BV B=u( E(’) Vi, j=1.....p (1.2)
22

where Vy = V,,,Aﬂ, E(’) e C™™(m < n), and -* denotes a conjugate transpose of a matrix. Assume k({(Aﬁ’;, E(’))}Jp »nN
)L({(Agz), E )}]_]) = (). Then the following periodic generalized coupled Sylvester equation
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has a unique solution {(X;, Y})} _1» where Xo = X, see [5]. By setting
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where S?), Gg’) € C™™ and Tl(i), Hg) € C™", we obtain

AY 0 EY o)\ ., .
A,:s,(al Agg)c E—S(O £ G, j=1....p. (1.5)

This means that %(S(’)) and %(GO)) are the j-th simple left and right periodic deflating subspaces of {(4;, Ej)}j"’:l

(1.4)

corresponding to )\({(Ai’{, E(’))}]p 1)»see[4].Forj=1,...,p, then x n matrices

@ Im 0\ .- o In 0\ -

P, _5<0 O)S Py =G; 0 0 G (1.6)
are respectively the j-th left and right spectral projections onto the j-th simple right and left deflating subspaces of the
periodic matrix pairs {(A;, E; )}jp ; corresponding to k({(A11, 1(’]))}5-;1).

In the literature, there are many papers studying the perturbation theory and numerical methods of spectral projections
(see for example, [3,6-9]). The spectral projections of regular periodic matrix pairs play an important role in computing

periodic reachability and observability Gramians [3]. For example, a periodic descriptor system with time-varying
dimensions:

Eixiy1n = A+ By, yj=Gx;, j=1,...,p,

where the rectangular matrices Aj, Ej, B;, and C; are periodic with a period p > 1, see [3]. Assume that regular periodic
matrix pairs {(A;, E; )}p , are stable, that is, all their finite eigenvalues of {(4;, E-)}p lie inside the unit circle, then the
causal reachability Gramians {G” }p , refer to the unique Hermitian positive semidefinite solution of the following projected
generalized discrete-time perlodlc Lyapunov equations:
T T [©) o0* j j)* ;
EG E| — AG'Al = P BBP| G'=PPGTPY", j=1,....p,

where P,(’) and Pr(’) are the j-th left and right spectral projections corresponding to the finite eigenvalues of {(4;, Ej)}le.
For a matrix and a regular matrix pair, Sun [8,9] derived explicit expressions of condition numbers for spectral projections.
To the best of our knowledge, similar results have not been developed for periodic eigenproblems. The purpose of this
paper is to define the absolute and relative condition numbers of spectral projections onto the j-th left and right deflating
subspaces of the regular periodic matrix pairs appropriately, and to derive explicit expressions of these condition numbers.
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