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1. Introduction

In this paper, we are concerned with the accuracy of numerically computed solutions of the saddle point linear systems

_ _ (A B _(x _(f
o (3 2w () 0= (1), o

where A € R™" B € R™", C € R™™, f € R"and g € R™ are given,x € R" andy € R™ are to be solved, n > m,
A is symmetric positive definite (SPD), B has full rank, and C is symmetric positive semi-definite (SPSD), which imply #
is nonsingular. The systems (1) appear in the various science and engineering applications, including partial differential
equations and optimization problems.

Letu* = (x*,y* ) and @i = (¥, 7")T denote the exact and numerical solutions of (1), respectively. We consider in
this paper numerical verification of i, specifically, computing rigorous upper bounds of ||ii — u*||,, using floating point
operations.

Pioneering work is the result by Chen and Hashimoto [1]. They skillfully exploited the special structure of (1). This result
enables to avoid computing an approximation of #~!. Let

()= %)6)-6)
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be residual vectors. They presented the error estimations

1% = %12 < 1A~z Wiy llz + BT 12117 = y*[12), (2)

15 = y*ll2 < ¢UBA Izl ll2 + lirgll2), (3)
where
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and op,in (C) denotes the smallest singular value of C. Substituting (3) into (2), we obtain

1% = x*[l2 < A7 21 + £ IBT121BA™ i) I ll2 + £ 1B Iz lI7g ) (4)
We can obtain the upper bounds of ||ii — u*||, based on (3) and (4), since || — U*|| = Max(||X — X*[loo, 1Y — ¥*llc0) <
max(||x — x*||2, ||y — ¥*|l2) holds. An important special case is for C = 0. In this case, we have o, (C) = 0, so that (3) and
(4) give

1% = x*[l2 < A7 21 + 1Al 1B 121 BBY) ™ I21BA™ ) 177112 + IANI21IB" 1211 (BBT) ™ 12 lIrgll2), (5)

15 = y*ll2 < IAl211BB) 2 (IBA™ 1217y 112 + lITe l12)- (6)

They proposed verification algorithms based on (5) and (6).
Hashimoto [2] also treated the case of C = 0, and improved (5) and (6). He presented the estimations

1% = x*ll2 < 1A 2l llz + < A) 1Ly g N1z, (7)

ILEG — ¥l < k@ rgll2 + A2 1115 g2, (8)
where Ly is an m x m nonsingular matrix satisfying LgL} = BB" and « (A) := ||A||2||A~"||>. Let L; " := (L;")". From (8), we
have

17 = y*ll2 < MLz 20Lg & — ¥z < L5 (e Al ll2 + IAlI21ILg "rgll2)- 9)

Kimura and Chen [3] treated the case of C = 0 and A being SPSD. They effectively utilized a preconditioner and proposed
verification algorithms. This result also enables us to avoid computing the approximation of #~'. Their algorithms are
applicable also in the case of C = 0 and A being SPD.

The purpose of this paper is to present and propose error estimations and verification algorithms for the solution of (1),
respectively. Since A is SPD, there exists a nonsingular n x n matrix L, satisfying LAL/T‘ = A. Let L;]BT = QR be the thin QR

factorization of L;]BT, where Q € R™™ is column-orthogonal and R € R™™ is upper triangular. Since L, is nonsingular
and B has full rank, R is also nonsingular. We derive the estimations

1% = x*[l2 < 1Ly M2 0Ly rrll2 + nllAT BT (12l 2, (10)
17 = ¥*ll2 < nCIBA™"ryllz + lIrgll2), (1)
where
S L R
1+ [R7|30min (C)
LetR™T := (R"")T. For C = 0, we present

1% — x*ll2 < 1Ly 2 (L g ll2 + IR rgll), (12)
17 = y*ll2 < IR 12 ILy 'yl + IRT'R Trg . (13)

Let ecy, Sct, Scy» Ecty» OH» €H, OM, EM Om, and ey, be the right hand sides of (3), (4), (5), (6), (7), (9), (10),(11),(12) and (13),
respectively. We prove 8y < 8¢y, &m < €c, Omy < Oy =< 8cn, and ey, < &y =< &cy, to show the advantages of (10)-(13),
and propose the verification algorithms based on (12) and (13). These algorithms do not assume but prove that A is SPD and
B has full rank. We introduce techniques for accelerating the verification and obtaining smaller error bounds.

This paper is organized as follows: In Section 2, notation and theories used in this paper are introduced. In Section 3,
(10), (11), (12), (13), dm =< OcH, em =< &cH» Omy < On =< Ocn, and ey, < ey =< &cy, are proved. In Section 4, a theory for
computing upper bounds of ||x — x*||; and ||y — y*||» based on (12) and (13), respectively, is established. In Sections 5 and 6,
the techniques for accelerating the verification and obtaining smaller error bounds are introduced, respectively. In Section 7,
numerical results are reported. Section 8 finally summarizes the results in this paper and highlights possible extension and
future work.
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