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1. Introduction

Shrink fits represent firm joints of two metal parts that are based on elastic stress between them. Mostly they are used for
transferring mechanical torques and can be found in numerous industrial or transport applications. The examples abound:
shrunk-on rings, crankshafts, armature bandages in rotating machines, tires of railway wheels, etc. [1-4].

Shrink fits between disks and shafts are realized either by hydraulic pressing or by heating the disk, its setting on shaft
and subsequent cooling of the whole system. In the latter case the disk can be heated by gas or inductively. During the
process of heating the diameter of its internal bore grows to a value greater than the diameter of the shaft. Then the disk is
put on the shaft and the whole system is cooled. The complete procedure is schematically shown in Fig. 1.

The shaft of external radius r,, is manufactured with an interference Arag with respect to the internal radius rp; of the
disk. After heating, the radius of the disk bore (along its whole axial length) must reach a value r; > ra,. Putting it on the
shaft and cooling, the disk shrinks, which leads to a decrease of both radii r4, and ry; to a common radius r¢ that satisfies
inequality rg; < rc < rap (in our considerations even the shaft is assumed elastic, i.e., its radius can also shrink). Shrinking
of both parts produces at the place of contact a unit contact force %o (index 0 means “at rest”) between them, see Fig. 1,
which allows transferring the required mechanical torque.

To the knowledge of the authors, the paper represents the first study where the problem of an axisymmetric induction
shrink fit is dealt with in its full complexity.

2. Procedure of solution

Consider a shrink fit consisting of a steel disk and shaft (Fig. 1) made of the same material. The fit must be able to transfer
a prescribed mechanical torque Mp;,max at a given nominal revolutions ng. The task is to propose the principal parameters
of the fit and check them with respect to the required mechanical properties of the system.

* Corresponding author.
E-mail addresses: dolezel@fel.cvut.cz (1. DoleZel), vkotlan@kte.zcu.cz (V. Kotlan), ulrych@kte.zcu.cz (B. Ulrych).

http://dx.doi.org/10.1016/j.cam.2014.02.023
0377-0427/© 2014 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.cam.2014.02.023
http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cam.2014.02.023&domain=pdf
mailto:dolezel@fel.cvut.cz
mailto:vkotlan@kte.zcu.cz
mailto:ulrych@kte.zcu.cz
http://dx.doi.org/10.1016/j.cam.2014.02.023

L. DoleZel et al. / Journal of Computational and Applied Mathematics 270 (2014) 52-62 53

before heating after cooling
unit
contact
disk force
B
Eg B [S] B fy(]
<
< ~
<
@ h — = m
Tp_i... nas f‘th NN

shaft

Fig. 1. Preparation of shrink fit.

The complete solution of the problem consists of the following partial steps:

e Starting from the geometry of the disk and torque My max to be transferred, first it is necessary to determine an
appropriate interference Arag. This is, however, a very complicated inverse problem. The simplest way of its solution
is, therefore, to find the dependence of the distribution of the highest reduced stress in the disk on Arag, choose an
appropriate value Arag for which the above stress is still well below the yield stress of the material and check the
maximum transferable torque My,,max for revolutions n € (0, ng). The principal advantage of this way is that all the
above dependences are almost linear.

e As for mechanical situation in the disk after its pressing on the shaft, its determination starts from knowledge of the unit
force +f;,, acting along their mutual contact for the whole range of revolutions n € (0, ng). This value then serves for
computing the above reduced stress oeq, (for example, oregnvi by the von Mises hypothesis) and its comparison with
the yield stress oy of the steel used (there must hold oeqnmi < 0y ). For growing revolutions, the effect of the centrifugal
forces (acting mainly in the disk) may significantly influence the maximum acceptable reduced stress.

e Because of the centrifugal forces, the unit contact force +f,q at the place of the contact of both parts decreases with
increasing revolutions n. For revolutions higher than ng, the shrink fit has also to be checked with respect to the danger
of slipping. This is closely connected with the release revolutions n. of the disk (1, > ng).

e Mapping of the process of induction heating of the disk. Its purpose is to find the parameters of the field current in the
inductors (amplitude and frequency) securing that the internal radius of the disk reaches a value ry, in a reasonable time,
still acceptable temperature and a good efficiency of the heating process.

3. Continuous mathematical model

The mathematical model of the task consists of two independent sub-models. The first of them is purely mechanical and
its goal is to find the unit contact force +f;, acting along the contact place on the disk and shaft after their mutual pressing
for the considered range of revolutions n € (0, ng), corresponding values of the maximum transferable torques Mnmax, and
also von Mises stresses orednmi-

If these values are acceptable, another sub-model for the description of the process of induction heating is applied. This
task represents a nonlinear and nonstationary triply coupled problem characterized by an interaction of magnetic field,
temperature field and field of thermoelastic displacements. The most important physical properties of the material used are
supposed to be functions of temperature.

As the arrangement of the system is axi-symmetric, the task will be described in co-ordinates r and z. The first (purely
mechanical) sub-model is given by the isothermic Lamé equation in the form [5]

(p +y)grad(divu) + yAu+fi =0,
_ VvE v = E
(1 +v)(1-2v)’ 21+’
where E denotes the Young modulus of elasticity of the material, v is the Poisson coefficient of contraction, symbol
u = (u,, uy, U,) represents the vector of the displacements, and fi = (fi,, fi,) stands for the vector of the volumetric forces.

For the axisymmetric arrangement 1y = 0, and (neglecting the gravitational forces, whose influence may be considered
insignificant) fi, = 0 as well. The component f;, is given by the formula for the specific centrifugal force

% (1)

fir = pro?,  w=2mwn/60, (2)

where p denotes the specific mass of material of the disk.
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