
Journal of Computational and Applied Mathematics 267 (2014) 195–217

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Algorithms for the Geronimus transformation for orthogonal
polynomials on the unit circle✩

Matthias Humet ∗, Marc Van Barel
Department of Computer Science, KU Leuven, Celestijnenlaan 200a - bus 2402, 3001 Heverlee, Belgium

a r t i c l e i n f o

Article history:
Received 30 January 2012
Received in revised form 20 December 2013

MSC:
42C05
15A23
65F99

Keywords:
Orthogonal polynomials
Geronimus transformation
QR step
Semiseparable matrices
RQ factorization
Unitary Hessenberg matrices

a b s t r a c t

Let L̂ be a positive definite bilinear functional on the unit circle defined on Pn, the space
of polynomials of degree at most n. Then its Geronimus transformation L is defined by
L̂(p, q) = L


(z−α)p(z), (z−α)q(z)


for all p, q ∈ Pn, α ∈ C. Given L̂, there are infinitely

many such L which can be described by a complex free parameter. The Hessenberg matrix
that appears in the recurrence relations for orthogonal polynomials on the unit circle is
unitary, and can be factorized using its associated Schur parameters. Recent results show
that the unitary Hessenberg matrices associated with L and L̂, respectively, are related
by a QR step where all the matrices involved are of order n + 1. For the analogue on the
real line of this so-called spectral transformation, the tridiagonal Jacobimatrices associated
with the respective functionals are related by an LR step. In this paperwe derive algorithms
that compute the new Schur parameters after applying a Geronimus transformation. We
present two forward algorithms and one backward algorithm. TheQR step between unitary
Hessenberg matrices plays a central role in the derivation of each of the algorithms, where
themain idea is to do the inverse of a QR step.Making use of the special structure of unitary
Hessenberg matrices, all the algorithms are efficient and need only O(n) flops. We present
several numerical experiments to analyse the accuracy and to explain the behaviour of the
algorithms.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Let Lm,n, m ≤ n, be the vector space of Laurent polynomials

p(z) =

n
k=m

akzk, ak ∈ C.

We denote by P = L0,∞ the vector space of polynomials with complex coefficients and by Pn = L0,n its subspace with
polynomials of degree less than or equal to n.
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Next we consider a bilinear functional L defined on Pn, which is Hermitian, L(p, q) = L(q, p), and unitary, L(zp, zq) =

L(p, q). The moment matrix Tn ∈ C(n+1)×(n+1) associated with L is the Toeplitz matrix

Tn =

L(z i, z j)

n
i,j=0 =



µ0 µ1 · · · µn−1 µn

µ1 µ0
. . . µn−1

...
. . .

. . .
. . .

...

µn−1
. . . µ0 µ1

µn µn−1 · · · µ1 µ0

 (1)

where µk = L(zk, 1), k = 0, . . . , n, are the moments associated with L.

Definition 1.1 ([1]).
(i) L is quasi-definite on Pn if Tn is strongly regular, i.e., if all the leading principal submatrices of Tn are nonsingular.
(ii) L is positive definite on Pn if Tn > 0, i.e., if Tn is positive definite.

For P∞ = P, we will simply say that L is quasi-definite (or positive definite).

As mentioned in [2], L can be written as L(p, q) = F

p(z)q

 1
z


, where F is a linear functional defined on L−n,n with

F (zk) =


µk k ≥ 0,
µ−k k ≤ 0.

The bar on q(z) denotes complex conjugation of the coefficients of q(z). It is well known that if L is positive definite, then
it has an integral representation given by

L(p, q) =


T
p(z)q


1
z


dµ(z), (2)

where dµ(z) is a positive measure on the unit circle T = {z ∈ C : |z| = 1} (see [2–4]).
If L is positive definite on Pn, then there exists a unique sequence of orthonormal polynomials {φk}

n
0 defined by1

φk(z) = κkzk + lower degree terms, κk > 0,
L(φk, φl) = δk,l,

(3)

where δk,l is the Kronecker delta. The polynomials φk(z) satisfy the following recurrence relations (see [5])

ρkφk(z) = zφk−1(z)+ akφ∗

k−1(z),
φk(z) = zρkφk−1(z)+ akφ∗

k (z),

where ρk =

1 − |ak|2 and φ∗

k (z) = zk φk (1/z) is the so-called reversed polynomial of φk(z). Both recurrence relations
are equivalent, the first is a forward relation, while the second is a backward one. The numbers {ak}n1 are known as Schur
parameters, Verblunsky parameters and reflection coefficients. They lie inside the open unit disc D = {z ∈ C : |z| < 1} and
together with the first moment µ0, they determine the polynomials {φk}

n
0 completely.

IfL is quasi-definite but not positive definite on Pn, then there exists a sequence of monic orthogonal polynomials {Φk}
n
0,

soΦk(z) = zk + lower degree terms, and L(Φk,Φl) = γkδk,l with γk ≠ 0. The polynomialsΦk(z) satisfy similar recurrence
relations determined by the same Schur parameters {ak}n1, which satisfy |ak| ≠ 1. Note that in the quasi-definite case, the
Schur parameters can lie outside the unit circle while ak ∈ D for all k ≤ n iff L is positive definite on Pn.

Suppose L is positive definite, with associated orthonormal polynomials {φk}
∞

0 and φ(z) = [φ0(z) φ1(z) · · · ]
T , then

z φ(z)T = φ(z)TH (4)

whereH is a semi-infinite Hessenbergmatrix with orthonormal columns (see [5, Chapter 4]). It is completely determined by
the sequence of Schur parameters {an}∞1 that appear in the recurrence relations for {φk}

∞

0 . We call H the Hessenberg matrix
associated with L.

In [6,2,7,8] the following linear spectral transformation of L has been studied

L̂(p, q) = L

(z − α)p(z), (z − α)q(z)


, α ∈ C, (5)

called the Christoffel transformation of L. We use the notation L̂ = |z − α|
2L, since for a positive definite L associated

with a measure dµ(z), it amounts to multiplying the measure by |z − α|
2. Our work builds on an important connection

1 We will always assume that orthonormal polynomials are defined with a positive highest degree coefficient.
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