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tions of type total degree on m < d + 1 points with d > 2 are singular; only three cases for
m = d+2 and one case for m = d+ 3 can produce regular Hermite interpolation schemes,
respectively. Besides, we also present a method to compute the interpolation space for Her-
mite interpolation of type total degree.
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1. Introduction

Let I7¢ be the space of all polynomials in d variables, and let H,f be the subspace of polynomials of total degree at most
n.Let 2 = {X;, Xz, ..., Xn) be a set of pairwise distinct points in R? and p = {p;, pa., . .., P} be a set of m nonnegative
integers. The Hermite interpolation problem to be considered in this paper is described as follows: find a (unique) polynomial
f e ¥ satisfying

gortazttag
e f(X) =Cga» 1<q<m, 0<|a| <py, 1
BX(:l ...3X3df( 7) q.a =q= lee| < pg (1)

for given values ¢y , where the numbers p; and n are assumed to satisfy

n+d = (pg+d
< d ) =2 < d ) | ?)

Following [1,2], such a kind of problem is called Hermite interpolation of type total degree. The interpolation problem
(p, ) is called regular if the above equation has a unique solution for each choice of values {cq v, 1 < g <m, 0 < |&t| < pg}.
Otherwise, the interpolation problem is singular. As shown in [3], the regularity of Hermite interpolation problem (p, 2°)
implies that it is regular for almost all 2° ¢ RY with | 2| = m.

Definition 1 ([3]). We say that the interpolation scheme p is:

o regular if the problem (p, 2°) is regular for all 2"
e almost regular if the problem (p, 2°) is regular for almost all 2"
e singular if (p, 2°) is singular for all 2.
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The special case in which the p, are all the same is called the uniform Hermite interpolation of type total degree. In the
case of uniform Hermite interpolation of type total degree, Eq. (2) should be changed to

<n+d>:m<p+d>. 3)
d d

The research of regularity of multivariate Hermite interpolation is more difficult than the Lagrange case, although the
latter is also difficult. One of the main reasons is that Eq. (2) or (3) does not hold in some cases. Up to now, we have known
that all the Hermite interpolation on m < d+ 1 points are singular except for the Lagrange interpolation, see [1,2,4]. Besides,
no other results appeared for m > d + 2. Actually, the Hermite interpolation of type total degree on d + 2 nodes in RY is not
necessarily singular. For more research of this area, we can refer the reader to [5,2,1,6,4,7-12] and the reference therein.

The main purpose of this paper is to investigate the singularity of Hermite interpolation for m = d + kwithk = 1, 2, 3.
This paper will propose two ways to prove the singularity of Hermite interpolation of type total degree. The first one consists
of constructing the interpolation space from the view of polynomial ideal. We state this method in a general way which is
also useful for other types of interpolations. The second one depends on an algorithm (see Theorem 5) from which we can get
a polynomial being a solution of the homogeneous interpolation problem. This method leads to the most general singularity
theorems. To get complete results for m = d + k with k = 1, 2, 3, we employ the second method to get the results for
general cases and employ the first one for other special cases.

By the presented methods, we show that all Hermite interpolation of type total degree on m < d + 1 nodes in R? are
singular except for the Lagrange interpolation; on m = d + 2 nodes in R? are singular except for three cases; onm = d + 3
nodes are singular except for one case. Moreover, we also show all the Hermite interpolation problems of type total degree
with m = d + k nodes are singular for d > 2k. The result of m < d + 1 is well known, but our method is different. To the
best of our knowledge, all the results except for the case of m < d 4+ 1 seem to be new.

This paper is organized as follows. In Section 2, we will consider the interpolation space satisfying the Hermite interpo-
lation requirement from the view of polynomial ideal. In this section, Eq. (2) is not required and the polynomial space is not
necessary 17;’. In Section 3, we consider the singularity of the Hermite interpolation of type total degree and present the
main results. Finally, in Section 4, we conclude our results.

2. Interpolation space

It is well known that polynomial interpolation is closely related to the polynomial ideal. This relation is implied in many
early papers and is widely employed, for example [13-15]. In [16], Xu presented a solution to the Lagrange interpolation
problem from the view of polynomial ideal. This section will generalize Xu'’s results to Hermite case. That is, we will consider
the construction of the interpolation space with respect to Hermite interpolation problem. This also proposes an approach
to judge the singularity of Hermite interpolation problem of total degree for given 2" and p.

Precisely, in this section, we consider the following interpolation problem:

let 27 = {X1,Xa, ..., Xm} be a set of pairwise distinct points in R and p = {p1, pa, ..., Pm} be a set of m nonnegative
integers. Find a subspace & C I7¢ such that for any given real numbers Cgas 1 £q<m, 1< || < pgthere exists a unique
polynomial f € & satisfying the interpolation conditions

aa1+a2+"'+(¥d

— - ai. X;) = C, . 1 < < m, 0 < || < 4

axll...axd"f( 7)) = Ca q lot] < pg (4)
where @ = (a1, 0y, ..., @g) € Ndand |o| = @) + a2 + -+ - + ag.

Following [16], we call such a pair {2, p, #} correct. Clearly, such a kind of space & always exists if no any constraint is
added. For the Lagrange case, such a kind of interpolation problem was studied extensively by many authors, for example
[11,9,10,7] and the reference therein.

Before proceeding, we first present some necessary notations. Throughout of this paper, we use the usual multi-index
notation. To order the monomials in /7¢ = R[x1, . . ., x4], we use the graded lexicographic order. Let I be a polynomial ideal
in I7%. The codimension of I is denoted by codim I, that is,

codim I = dim I7%/I.
If there are polynomials f1, f2, . . ., f; such that every f € I can be written as
f=afi+afh+ - +af, oel

we say that I is generated by the basis fi, f5, ..., fr, and we write I = (f, f5, ..., f;).

For a fixed monomial order, we denote by LT(f) the leading monomial term for any polynomial f € IT¢; that is, if f =
D XY, then LT(f) = c#XP, where X? is the leading monomial among all monomials appearing in f. For an ideal I in I7¢
other than {0}, we denote by LT (I) the leading terms of I, that is,

LT(I) = {cX*|there exists f € [ with LT(f) = cX*}.

We further denote by (LT (I)) the ideal generated by the leading terms of LT (f) for all f € I \ {0}.
The following theorem is important for our purpose.
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