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1. Introduction and preliminaries

It is well-known (see, for instance, [1]) that the operator

(D" F)(x) = (cos )™ (0f (x) — SnT® f f(y) _ (V) dy,

with v”?(x) = (1 — x)*(1 + x)°,p,0 > —1,a jacobi weight and its inverse D~“% are isometric maps in the
couples of spaces (L2 1/w) and (Ll/w, 12 ) w = VI g 2, respectively. Analogous properties, but under the assumption

f_ll Fx)v~**~1(x)dx = 0, hold true for the operator

—X

—a,a—1
(D““1f)(x) = (cos mayu " (f (x) + S0 / f(y)i(y) dy.

a

a a—1 .
2°° 7, respectively.

and its inverse D* =% in the couples of spaces (L2, Lf/u) and (Ll/u, [Hu=v

By contrast, in the space of continuous functions in [—1, 1], C° := C°%([—1, 1]), equipped with the uniform norm the
previous operators are unbounded.
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Now, we introduce the space
Cppro = {f e Co%((-1,1): ‘lliml(fv"'”)(x) = o} , p,o >0,
X|—

equipped with the norm

Il = g}g)fl(fv"’”)(x)l = [Ifv”7 lloo,

with the obvious modifications if p e/o o are zeros (letting C 0.0 = C°).
A subspace of C».o is the Sobolev space

W, (0”%) = {f € Coro : f77 € AC(—1, 1) and [[f v ||os < 00},

where AC(—1, 1) is the set of all functions that are absolutely continuous in every compact set of (—1, 1), equipped with
the norm

I lwy ey = 107 lloo + I V"0 [loo.

Another subspace is the Zygmund space

0,0 P, Q;(fv t)u/’v"
Z (%) = Z, y(vV*°) = {f € Cyro : suptir < 400
t>0

equipped with the norm

Q(f;(fv t)v/’»”

tr

If iz ooy = If 07 oo + sUp

t>0

where r > 0is an arbitrary real number, k > r is integer,

Q5. Dpro = sup (AR HV” Nl - (1)

O<h<t

k A kh
A f0 = 3 (=1 (f)f (x+ S9@ - ihgo(x)) :
i=0

Ing :==[—1+4k*h*>, 1 — 4k’h?],0 < t < 1and ¢(x) = +/1 — x2. We remark that W, (v*°) C Z,(v”°) whenr = k.

With the above notations, in [2,3] the authors showed that D“~* is bounded and invertible in the couple
Z,(v*°), Z,(v®*)) and, moreover, D~**~! under the assumption ﬂ]f(x)v*"‘*“*](x)dx = 0, is bounded and invertible
in the couple (Z,(v%0), Z, (v*179)).

As afirst contribution of this paper, we prove that D%~ is bounded and invertible in the couple (Z, (v**7°%), Z, (v¥-**%))
and, analogously, D~%%~!, under the assumption fjlf(x)v*“*"‘*l(x)dx = 0, is bounded and invertible in the couple
Z(v"°%), Z.(v*t7-172+8)) Obviously, the parameters «,y, 8 have to satisfy suitable conditions that we will assign
explicitly.

Then, the results in [2,3] have been extended to larger functional spaces. This fact suggested us to propose two numerical
methods to approximate the solutions of the equations

(D™ + K*7)f (x) = g(x) (2)

and

1
D 4 K )f (x) = g(x), f FOv=e (dx = 0, 3)
—1

where K% ~* and K% 1~* are compact perturbations. Eqs. (2) and (3) are well-known Cauchy equations of indices x = 0 and
X = 1, respectively.

The proposed numerical methods are stable and convergent for any choice of the parameter 0 < o < 1. We would like to
emphasize that the range of « is (0, 1), taking into account that the numerical methods proposed in [4], using the properties
proved in [2,3], lead to strong restrictions: % <a < 1forEq.(2)and @ = % for Eq. (3).

The paper is organized as follows. In Section 2 we give the main results. Section 3 contains the description of the
quadrature methods we propose for Egs. (2) and (3). We show that both of them are stable and convergent and lead to
solve well-conditioned linear systems. The proofs of the main results are given in Section 4, while Appendix contains some

proofs that are more technical. Finally, in Section 5, we show the efficiency of our procedures by some numerical tests.
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