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1. Introduction

The designers performing curve and surface modeling often wish that the basis functions have some desirable properties,
such as non-negativity, partition of unity and so on. Because of these properties, one can control the curves/surfaces by
manipulating the control points. Probability distributions play a very important role in constructing the basis functions.
The Bernstein-Bézier basis functions are taken from the binomial distribution [1,2], and the B-spline basis functions also
model a simple stochastic process [3,4]. Due to the desirable properties of the basis functions, The Bézier/B-Spline curves
and surfaces are widely used in different fields [5,6]. In addition to these basis functions, various bases based on discrete
probability distributions have been proposed. Goldman and Morin constructed two types of bases by using the negative
binomial distribution and the Poisson distribution, respectively [7,8]. These basis functions share some important properties
with the Bernstein-Bézier basis functions. Due to the infinite number of basis functions, an infinite number of control points
should be prepared in the curve and surface modeling using these basis functions, which is not convenient for geometric
design.

In this paper, we describe the construction of a class of new basis functions that are related to the Beta functions and the
Beta-binomial distribution [9], and apply them to curve and triangular patch modeling. Compared with the basis function
of [7,8], there are only a finite number of control points involved in the curve and triangular patch modeling. These new basis
functions also share some important properties with the Bernstein-Bézier basis functions. A significant difference between
them is that the new basis have a shape parameter. The shape of the curves/surfaces can be modified by changing the value
of the shape parameter.

The rest of this paper is organized as follows. Section 2 lists the properties of Beta functions, which will be used in the
following sections. Section 3 discusses curve modeling. The definitions and properties of the Beta-Bézier basis functions and
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the Beta-Bézier curve are provided. Section 4 discusses the Beta-Bézier triangular patch modeling. Finally, the conclusions

are provided in Section 5.

2. The Beta functions and their properties

Leta, B € R, a, B > 0, the classical Beta function is defined by

1
B(a, B) = f X711 —x)Pldx.
0

The Beta function has the following properties (see [10], p. 457):
(i) Positivity
B(e,8) >0, Vo,B >0.
(ii) Symmetry
B(a, B) = B(B, ).

(iii) Recursion

Bla+1,8) = ao‘TﬂB(a,ﬁ);

B(a, B+ 1) = ﬁB(a, B).

Letw, B,y € R, «, B,y > 0,an extension of (1) to three variables is given by
B(a, B, ¥) = ff XY = x—y)’ dxdy,
(x.y)eh

where A = {(x,y) e R’ |x,y > 0,x+y < 1}.
There exists a close connection between B(«, 8, ) and the Gamma function

l"(a):/ e *x* 'dx (a > 0)
0

as the elegant identity
F(@)I' (B (y)
B = —_———
(@ B.7) Fa+B+y)

reveals (see [11]).

(3)

(4)

(6)

(8)

From (6) and (8) or see [12,13], it is obvious that the Beta function with three variables also has the properties as follows:

(i) Positivity
B(e, B,y) >0, Va,B,y >0.
(ii) Symmetry
B(a, B.y) = B(a, v, B) =B(B.a,y)
=B, v, a) =B(y,a, ) =B(y, B, a).
(iii) Recursion

o

Bl +1,8,y) = mB(‘X, B.v);
B(a, B+ 1,y) = %B(‘X, B,v);
14

B(Ol, ,3’ y + 1) = B(O{, ﬂ’ )/)

a+B+y

(9)

(10)

(11)

(12)

(13)
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