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a b s t r a c t

In this paper, we present a new notion of exceptional d-regular mapping, which is a
generalization of the notions of exceptional regular mapping and d-regular mapping. By
using the new notion, we establish a new existence result for complementarity problems.
Our results only generalize Karamardian’s and Zhao’s existence results (Theorem 3.1 in
Karamardian (1972) [5], Theorem 3.8 in Harker et al. (1990) [2], Theorem 4.1 in Zhao and
Isac (2000) [6], Theorem 3.1 in Zhao (1999) [13]). In our analysis, the notion of a new
generalized exceptional family of elements for complementarity problemsplays a key role.
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1. Introduction

The complementarity problem (CP) is to find a vector x ∈ Rn such that

x ≥ 0, f (x) ≥ 0, xT f (x) = 0, (1.1)

where f : Rn
→ Rn is a continuous function. Such a problem has been studied extensively by many authors, since it has

many wide applications in engineering, economics, operations, etc. [1–3].
Since the existence of a solution to CPs is not always assured, the study of existence conditions is very important in the

theory, algorithmdevelopment, and applications of CPs. Throughout this paper, our focus is to develop a newexistence result
for CPs.We first review some previous results. In [4],Moré proved that, if themapping f (x) is strictly copositive and there ex-
ists amapping c : R+ → R such that c(λ) → ∞ as λ → ∞ and, for all λ ≥ 1, x ≥ 0, [f (λx)− f (0)]T x ≥ c(λ)[f (x)− f (0)]T x,
then the CP has a nonempty, compact solution set. To relax the strict copositivity assumption, Karamardian [5] proved that,
if the mapping G(x) = f (x) − f (0) is positively homogeneous of degree α and G(x) satisfies d-regularity for some d ∈ Rn

and d > 0, then CP has a nonempty solution set (Theorem 3.1 in [5]); see also Theorem 3.8 in [2]. In [6], by using the no-
tion of an exceptional family of elements for complementarity problems [7–12], Zhao and Isac showed that, if the mapping
G(x) = f (x) − f (0) is positively homogeneous of degree α = 1 and G(x) satisfies exceptional regularity, then the CP has a
solution (Theorem 4.1 in [6]). Subsequently, in [13], Zhao further showed that if the mapping G(x) = f (x) − f (0) is gener-
alized positively homogeneous and G(x) satisfies exceptional regularity, then the CP has a solution (Theorem 3.1 in [13]).
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In this paper, motivated by Karamardian [5], Zhao [13,14], and Zhao and Isac [6], by introducing the new notion of
exceptional d-regular mapping, which is a generalization of the notions of exceptional regular mapping and d-regular
mapping, we establish a new existence result for complementarity problems. Our results generalize Karamardian’s and
Zhao’s existence results (Theorem 3.1 in [5], Theorem 3.8 in [2], Theorem 4.1 in [6], and Theorem 3.1 in [13]). It is worth
noting that thenotion of a newgeneralized exceptional family of elements for complementarity problemsplays an important
role in our analysis.

2. A new generalized exceptional family of elements

To show our main result, we first introduce the notion of a new generalized exceptional family of elements, which plays
a key role in the subsequent analysis.

Definition 2.1. Given d ∈ Rn
++

, we say that {xr} ⊂ Rn
+
is a generalized exceptional family of elements for the function f if

∥xr∥ → ∞ as r → ∞, and for each xr there exist a positive number µr and a number θ ∈ [0, 1], such that

fi(xr) = −µr


(1 − θ)
xri

∥xr∥
+ θdi


, if xri > 0, (2.1)

fi(xr) ≥ −µrθdi, if xri = 0. (2.2)

It is well known that the classical variational inequality problem, denoted by VI(K , f ), is to find a solution x∗ such that

(x − x∗)T f (x∗) ≥ 0, ∀x ∈ K ,

where K is a closed convex set in Rn. In particular, when the set K = Rn
+

= {x ∈ Rn
: x ≥ 0}, VI(K , f ) reduces to the CP.

Let d ∈ Rn be a given positive vector. For such d, let

Kr = Rn
+

∩ {x ∈ Rn
: (1 − θ)∥x∥ + θxTd ≤ r},

where r is a positive number and θ ∈ [0, 1]. Obviously, Kr is a bounded convex set. This shows that VI(K , f ) has at least one
solution [2].

To get a new alternative theorem, we present the following lemma, which is similar to that in [1,14].

Lemma 2.1. Let f : Rn
→ Rn be a continuous function. Then the CP has a solution if and only if there exist a positive number r

and some θ ∈ [0, 1] such that VI(Kr , f ) has a solution xr with (1 − θ)∥xr∥ + θ(xr)Td < r.

Proof. If x∗ is a solution of the CP, then

(x − x∗)T f (x∗) ≥ 0, ∀x ∈ Rn
+
.

Let r > (1 − θ)∥x∗
∥ + θ(x∗)Td. Obviously, we have

(x − x∗)T f (x∗) ≥ 0, ∀x ∈ Kr .

This implies that x∗ is a solution of VI(Kr , f ).
Conversely, assume that there exist some positive number r and some θ ∈ [0, 1] such that VI(Kr , f ) has a solution xr

with (1 − θ)∥xr∥ + θ(xr)Td < r , i.e.,

(x − xr)T f (xr) ≥ 0, ∀xr ∈ Kr . (2.3)

To prove that xr is a solution of the CP, it is sufficient to show that

(x − xr)T f (xr) ≥ 0, ∀xr ∈ Rn
+
\Kr . (2.4)

Actually,

p(λ) = λx + (1 − λ)xr ∈ Rn
+
, ∀x ∈ Rn

+
, ∀λ ∈ [0, 1].

Taking into account that (1 − θ)∥xr∥ + θ(xr)Td < r , there exists a sufficiently small positive number λ∗ such that
(1 − θ)∥p(λ∗)∥ + θp(λ∗)Td < r; hence p(λ∗) ∈ Kr . From (2.3), we have

0 ≤ (p(λ∗) − xr)T f (xr) = (λ∗x + (1 − λ∗)xr − xr)T f (xr)
= λ∗(x − xr)T f (xr),

which implies that (2.4) holds. So, xr is a solution of the CP. �
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