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a b s t r a c t

In this paper,we prove a conjecture on a common region of a convergence of Padé iterations
for the matrix sector function. For this purpose, we show that all Padé approximants to
a special case of hypergeometric function have a power series expansion with positive
coefficients. Using a sharpened version of Schwarz’s lemma, we also demonstrate a better
estimate of the convergence speed. Our results are also applicable to a family of rational
iterations for computing the matrix pth root.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Algorithms for computing matrix functions are a subject of current research (see, for example, [1]). In this paper, we
investigate a convergence of the Padé family of iterations for computing thematrix p-sector function, proposed in [2], which
includes the Halley method and the inverse Newton method. These rational iterations can be adapted for computing the
matrix pth root. Computation of matrix pth root has recently aroused considerable interest; see, for example, [3–11].

Let p ≥ 2 be an integer and let z be a non-zero complex number, having the argument ϕ ∈ [0, 2π) different from
(2ℓ + 1)π/p, ℓ = 0, . . . , p − 1. Then the scalar p-sector function of z is equal to (see [12])

sp(z) = z(zp)−1/p,

where (z)1/p denotes the principal pth root of z. For p = 2 the sector function reduces to the sign function. Let εj = ei2π j/p, j ∈

{0, 1, . . . , p − 1}, be one of the pth roots of unity. Then sp(z) = εq where εq is the nearest to z pth root of unity.
The matrix p-sector function is an extension of sp(z) introduced in [12] (for applications see also [13,14]). For a

nonsingular matrix A ∈ Cn×n having no eigenvalues with arguments (2ℓ + 1)π/p, ℓ = 0, . . . , p − 1, the matrix p-sector
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function can be defined by

sectp(A) = A(Ap)−1/p,

where we take the principal pth root (see [1] for the properties of the principal matrix root and algorithms for computing
it).

In this paperwe use the same notation as in [15] for the [k/m] Padé approximants and theGauss hypergeometric function
2F1(a, b; c; z). In particular, we use the hypergeometric polynomials

2F1(−m, b; −k − m; z) =

m
j=0

(−m)j(b)j
j!(−k − m)j

z j,

where (b)j = b(b + 1) · · · (b + j − 1) for j > 0 and (b)0 = 1.
Throughout the paper we will assume that the integers k and m satisfy

k ≥ 0, m ≥ 0, k + m ≥ 1. (1.1)

The rational function R(F)
km(z) = P (F)

km (z)/Q (F)
km (z) is said to be a [k/m] Padé approximant to the function F(z) defined by a

formal power series, if the numerator P (F)
km (z) has degree at most k, the denominator Q (F)

km (z) has degree at most m, and
F(z) − R(F)

km(z) = O(zk+m+1) in a neighborhood of z = 0. We assume Q (F)
km (0) = 1. If a [k/m] approximant exists then it is

unique. It is usually required that P (F)
km (z) and Q (F)

km (z) have no common zeros, so that P (F)
km (z) and Q (F)

km (z) are unique (see, for
example, [1, p. 79]).

The sector function sp(z) can be expressed in the following way

sp(z) =
z

(1 − (1 − zp))1/p
=

z
(1 − ξ)1/p

, ξ = 1 − zp. (1.2)

Therefore we consider for σ ∈ (0, 1) the function

fσ (z) = (1 − z)−σ
= 2F1(σ , 1; 1; z) =

∞
j=0

(σ )j(1)j
j!(1)j

z j =

∞
j=0

(σ )j

j!
z j. (1.3)

The [k/m] Padé approximant to fσ (z) is equal to

P (σ )
km (z)

Q (σ )
km (z)

=
2F1(−k, σ − m; −k − m; z)

2F1(−m, −σ − k; −k − m; z)
(1.4)

(see [15, Theorem 4.1] for arbitrary k,m and [16, Theorem 2] for k ≥ m − 1).
The expression (1.2) motivates the introduction of the Padé family of rational iterations for computing sp(z) (see [2,15]):

zℓ+1 = zℓ
P (1/p)
km (1 − zpℓ )

Q (1/p)
km (1 − zpℓ )

, z0 = z. (1.5)

After a suitable change of a variable we obtain the Padé family of iterations for computing the pth root a1/p (see [2, Section
5]):

zℓ+1 = zℓ
P (1/p)
km


1 − zpℓ/a


Q (1/p)
km


1 − zpℓ/a

 , z0 = 1. (1.6)

For p = 2 the iterations (1.5) were proposed in [17] for computing the function sign(z).
In (1.5) and (1.6) the rational function P (1/p)

km (z)/Q (1/p)
km (z) is the [k/m] Padé approximant to (1 − z)−1/p. Examples of the

iterations (1.5) for k,m = 0, 1, 2 can be found in [2, Table 1].
Scalar iterations (1.5) and (1.6) define the appropriate matrix iterations for computing the matrix p-sector function and

thematrix pth root, respectively, by replacing the scalar operations by thematrix operations: multiplication of matrices and
matrix inversion. This leads to the Padé family of iterations for computing the matrix p-sector function of A (see [2])

Zℓ+1 = ZℓP
(1/p)
km (I − Zp

ℓ )

Q (1/p)
km (I − Zp

ℓ )
−1

, Z0 = A. (1.7)

The convergence of the matrix iterations such as those in (1.7) is determined by the convergence of the scalar sequences
for the eigenvalues of Z0 = A (see [9, Theorem 2.4], [2, Corollary 4.1]; see also [7] for a general theory of matrix iterations
for computing matrix functions). Thus if for every eigenvalue λ of A the scalar iterations (1.5) with z0 = λ converge to sp(λ),
then the matrix iterations (1.7) converge to sectp(A). Therefore our goal is to describe the region of convergence for the
scalar iterations (1.5). This leads immediately to the regions of convergence of the iterations (1.6) and (1.7).
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