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1. Introduction

Series of the form [1]

> e (14 v)2], (1)
n=0

and
Do S [ v +20) 2]y [( + v+ 2m) 2], (2)
n=0

where 1, v € C and J,(-) is the Bessel function of the first kind, are called Kapteyn series of the first kind and Kapteyn series
of the second kind respectively.

Kapteyn series have a long history, going back to Lagrange’s 1771 paper Sur le Probléme de Képler [2], where he solved
Kepler’s equation [3]

M = E — gsin(E), (3)

using his method for solving implicit equations [4] (now called Lagrange inversion theorem) and obtained [5]
el dn71
n! dMn-1

EM)=M+ Y sin(M).
n=1

Here M is the mean anomaly (a parameterization of time) and E is the eccentric anomaly (an angular parameter) of a body
orbiting on an ellipse with eccentricity ¢.
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In 1819 Friedrich Wilhelm Bessel published his paper Analytische Auflésung der Kepler'schen Aufgabe [6], where he

approached (3) using a different method. First of all he observed that the function g(M) = E(M) — M defined implicitly by
g = esin(g + M) is 2w -periodic and satisfies g(0) = 0 = g (7). Hence, g(M) can be expanded in a Fourier sine series

g(M) =) bysin(nM),
n=1

where
2 b
b, = —/ g(M) sin(nM)dM
T Jo
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and hence

2 g
b, = —f cos (nE — ne sinE) dE.
mn 0
He then introduced the function J,(z) defined by
1 T
(@) = —/ cos(nE —zsinE)dE, neZ (4)
T Jo
which now bears his name and obtained
00 2 )
E(M) =M + ) _ =Jy(ne) sin(nM). (5)
n=1 n

Bessel’s work on (4) was continued by other researchers including Lommel, who defined the Bessel function of the first kind
by [7]

_ > (=" z v+2n
JU(Z)_HX:(;n!F(v—I—n—{—]) (2) » veG, (6)

where I'(+) is the Gamma function.
In 1817, Carlini [8] found an expression for the true anomaly v (an angular parameter), defined in terms of E and & by

v 1+¢ E
tan<7): tan| =} .
2 1—c¢ 2

Carlini’s expression reads [9]

(o]
v=M+ ZB,., sin(nM),

n=1

where
B, = %Jn(ng) + ,,,Zzom Un-m(ne) + Jnym(ne)],

with e = ; i‘;z . The problem considered by Carlini was to determine the asymptotic behavior of the coefficients B, for large

values of n [10]. The astronomer Johann Franz Encke drew Carl Gustav Jacob Jacobi’s attention to the work of Carlini. In
1849, Jacobi published a paper improving and correcting Carlini’s article [11] and in 1850 Jacobi published a translation
from Italian into German [12], with critical comments and extensions of Carlini’s investigation.

Bessel’s research on series of the type (5) was continued in [13] in his papers [14,15] and by Kapteyn (not to be confused
with his brother Jacobus Cornelius Kapteyn [16]) in the articles [17,18]. Most of the early work on Kapteyn series, together
with their own results, can be found in the books in [ 19, Chapter XXII] and [1, Chapter 17].




Download English Version:

https://daneshyari.com/en/article/4639749

Download Persian Version:

https://daneshyari.com/article/4639749

Daneshyari.com


https://daneshyari.com/en/article/4639749
https://daneshyari.com/article/4639749
https://daneshyari.com/

