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ARTICLE INFO ABSTRACT
ﬁ-’)"{"ords-' In some optimization problems, min(f, . .., f;) usually appears as the objective or in the
inimax

constraint. These optimization problems are typically non-smooth, and so are beyond the
domain of smooth optimization algorithms. In this paper, we construct smooth splines to
approximate min(fi, ..., f,) uniformly so that such optimization problems can be dealt
with as smooth ones.
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1. Introduction

Non-smooth optimization and semi-smooth optimization have been studied extensively. Typical non-smooth
optimization problems are the minimax problem and problems with min(f;, ..., f;) or max(fi, ..., f;) in the constraint.
Several methods have been proposed to solve such problems, such as the subgradient method [1], the cutting plane
method [2], the trust region method [3], and the smoothing method [4-9]. The maximum entropy method is a typical
method to smooth max(fi, ..., f,). It uses F,(x) = Iljln {>Lp-fi} to smooth ¢(x) = max(fi(x), ..., fp(x)). It has
the properties that 0 < F,(x) — ¢(x) < In(n)/p and F,(x) is decreasing with respect to p.

This paper is mainly concerned with the construction of a new smoothing method, which is a generalization of the method
in[10,11] for smoothing min(x, 0) to a method for smoothing min(x1, ..., x,). We construct a smooth spline s(xq, ..., X;;) to
approximate min(xy, . . ., X,) uniformly. The composite function s(fy, .. ., f,) then approximates min(fi, . . ., f;) uniformly.
In the following sections, P, denotes the space of polynomials of degree at most k, and [ vy = v; - - - v, denotes the n-cone
{Vo + t1VgV1 + taUgV5 + « - - + tabgVp, i > O},

2. Formulation of splines

Let us first recall the formulation of multivariate splines. Let D be a bounded polyhedral domain of R" which is partitioned
with irreducible algebraic surfaces into cells A;, i = 1, ..., N. The partition is denoted by A. A function f (x) defined on
D is a spline function if f(x) € C"(D) and f(x)|s, = pi € Px, which is expressed for short as follows: f(x) € S;(D, A).
With the partitioning surfaces being planes, Wang obtained the following results. Let A; and A; be two adjacent cells with

partitioning plane p; = 0.f(x) € C"(A; N 4j) ifand only if p; — p; = p{j“q,j, where gj; is called a smooth cofactor of f (x)

* This research is supported by the National Natural Science Foundation of China No. 60873181 and the National Natural Science Foundation of China-
Guangdong Joint Fund No. U0935004 and the Fundamental Research Funds for the Central Universities of China.
* Corresponding author.
E-mail addresses: ghzhao6917@yahoo.com.cn, ghzhao6961@hotmail.com (G. Zhao), wzrwork@gmail.com (Z. Wang), hainingmou@yahoo.com.cn
(H. Mou).

T present address.

0377-0427/$ - see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2011.06.023


http://dx.doi.org/10.1016/j.cam.2011.06.023
http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
mailto:ghzhao6917@yahoo.com.cn
mailto:ghzhao6961@hotmail.com
mailto:wzrwork@gmail.com
mailto:hainingmou@yahoo.com.cn
http://dx.doi.org/10.1016/j.cam.2011.06.023

700 G. Zhao et al. / Journal of Computational and Applied Mathematics 236 (2011) 699-703

on the partitioning plane p; = 0. Further, f(x) € S;(D, A), if and only if there exists a smooth cofactor on each interior

partitioning plane and Zpij - pirj+]qU = 0, where L is the set of partitioning planes sharing a common interior line. Detailed

information about multivariate splines can be found in [12,13].
3. Homogenous Morgan-Scott partition

To approximate min(f, ..., f;) with splines, we consider the following homogenous Morgan-Scott partition for an n-
cone o = [[ vk. We construct a new n-cone [ | w inside o, where oy = « itkj=o Vi + (1 = (n = Davy, % <a< ﬁ
Then we partition o into 2" — 1 n-cones my = [ [;cy @i [ [jen/m v Wwhere M = {iy, ..., in} is a nonempty subset of the
ordered set N = {1, 2, ..., n}. This partition is called the homogenous Morgan Scott partition of type one, and is denoted
by Ays. If we refine it by partltlomng each 7y into m!n-cones 7, = [[/L; of [ ljen/um Vo where wr M and
p runs through all the permutatlon of M, we obtain a new partltlon which is called the homogenous Morgan Scott partition
of type two, and is denoted by A s- We have constructed an 52 (R") spline sq(x) with support A vs and an s3 2 (R™) spline s5(x)

with support A2 in [14,15].

Now we construct a concrete homogenous Morgan-Scott partition. Let vg = —m(1,...,1),v;, = (0,...,0,m,0,...,0)
and ¢, = €(1,...,1,0,1,...,1),with 0 < € < m. Then we take the intersection points p; of lines vy¢; with the plane
V1 - - - vy as w;. The coordinates of p; are given as follows:

m? —em(n —1) (2e + m)m o
Xi=———, Xj=——""—— forj#i
(n—1)e +mn (n—1)e+mn

The plane ]_[r#i vris Y x —(n+1)x;—m = 0. We can scale the s% homogenous spline obtained in [ 14] so that the polynomial
on the cell (]_[r# vr> wj is m (Z X — 4+ Dx; — m)Z. Subtracting # D o xi— 2(n+1) from s (x), and letting m approach
infinity, we obtain an s; spline which approximates min(x1, . . ., X;) uniformly. Similarly, we can scale the 53 homogenous

spline s, (x) obtained in [14,15] so that the polynomial on the cell (]—[r#i vr) w; is

1 3
T 3m(n+1) (ZX’ - D m>

Adding ﬁ > xi— %Jrl) to s, (x), and letting m approach infinity, we obtain an s§ spline which approximates min(x, . . ., X;)
uniformly.

4. Explicit expressions of the splines obtained

-y, and

n

First we consider the s} spline. The plane )  a,x, + d = 0 between two cells wj, --- wj,

. Viggr *
Wiy - wiqw,-n * Vi 1S

Vigyr =
€ €

(14 5) @+ 4x) +[@=m= —g]w, +e=0.
m m

Letting m approach infinity, we then have x;; + - - + X, — gx;, + € = 0. The limit polynomial on the cell w;, vy, - - - v;, is
x;,. Now we construct limit polynomials on other cells by induction. According to Section 2, the conformal equation from
Wi, Vi, - - - Vi, L0 0, @i, Viy - - - Yy and to Wi, Viy Vig * * * Vi, is
2 2
Xi] + Cl (Xil - Xiz + 6) = Xiz + C‘i (sz - xil + e) .
Thatis, C; = C; = 4-. So the limit polynomial on the cell w;, i, vi; - - - vy, is Xi; + 2= (X, — Xi, + €)% = Xi, + 2= (x;, —Xi, + €)%
Suppose that the limit polynomial on the cell wy --- Wiy yVig_y " Vi is s; (x), the conformal equation from
Wiy + - Wig 5 Vi Vi tow, - -- Wiy Vi Vi, and to Wiy -+ Wi, Wiy Wiy - Vi, and to Wiy -+ Wig_, Wig Vi, <V
and to Wiy * - Wi, Vig 4+ Vi is

q—2 2 g—1 2
=2 (inr —(q—2x,_, + 6) + Cg-1 (inr —(q— Dx;, + 6)
r=1 r=1
q—2 2 q—2 2
_2 (Z X, — (@ —2)x;, + e) + ¢y (inr +xi; — (@ — Dxi_, + e) .
r=1

r=1

n

q oo viq+1 .. viq+1 .. n

: Cq—l_ﬂ Cq  _ s . .
That is, =-joor Cq - q+1 So the limit polynomial on the cell w;, i,_,Wi,_ @i,

1 ¢4 r
SZ(X)—le-i-ZCr (Zx” r‘)c,m—i-e) , c1=1, r: — It
r=1 r

l),'q+1 stV 1S
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