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a b s t r a c t

In some optimization problems, min(f1, . . . , fn) usually appears as the objective or in the
constraint. These optimization problems are typically non-smooth, and so are beyond the
domain of smooth optimization algorithms. In this paper, we construct smooth splines to
approximate min(f1, . . . , fn) uniformly so that such optimization problems can be dealt
with as smooth ones.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Non-smooth optimization and semi-smooth optimization have been studied extensively. Typical non-smooth
optimization problems are the minimax problem and problems with min(f1, . . . , fn) or max(f1, . . . , fn) in the constraint.
Several methods have been proposed to solve such problems, such as the subgradient method [1], the cutting plane
method [2], the trust region method [3], and the smoothing method [4–9]. The maximum entropy method is a typical
method to smooth max(f1, . . . , fn). It uses Fp(x) =

1
p ln

∑n
i=1 p · fi(x)


to smooth φ(x) = max(f1(x), . . . , fn(x)). It has

the properties that 0 ≤ Fp(x) − φ(x) ≤ ln(n)/p and Fp(x) is decreasing with respect to p.
This paper ismainly concernedwith the construction of a newsmoothingmethod,which is a generalization of themethod

in [10,11] for smoothingmin(x, 0) to amethod for smoothingmin(x1, . . . , xn).We construct a smooth spline s(x1, . . . , xn) to
approximate min(x1, . . . , xn) uniformly. The composite function s(f1, . . . , fn) then approximates min(f1, . . . , fn) uniformly.
In the following sections, Pk denotes the space of polynomials of degree at most k, and

∏
νk = ν1 · · · νn denotes the n-cone

{ν0 + t1−−→ν0ν1 + t2−−→ν0ν2 + · · · + tn−−→ν0νn, ti ≥ 0}.

2. Formulation of splines

Let us first recall the formulation ofmultivariate splines. LetD be a bounded polyhedral domain of Rn which is partitioned
with irreducible algebraic surfaces into cells ∆i, i = 1, . . . ,N . The partition is denoted by ∆. A function f (x) defined on
D is a spline function if f (x) ∈ C r(D) and f (x)|∆i = pi ∈ Pk, which is expressed for short as follows: f (x) ∈ Srk(D, ∆).
With the partitioning surfaces being planes, Wang obtained the following results. Let ∆i and ∆j be two adjacent cells with
partitioning plane pij = 0. f (x) ∈ C r(∆i ∩ ∆j) if and only if pi − pj = pr+1

ij qij, where qij is called a smooth cofactor of f (x)
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on the partitioning plane pij = 0. Further, f (x) ∈ Srk(D, ∆), if and only if there exists a smooth cofactor on each interior
partitioning plane and

∑
pij∈Lk

pr+1
ij qij = 0, where Lk is the set of partitioning planes sharing a common interior line. Detailed

information about multivariate splines can be found in [12,13].

3. Homogenous Morgan–Scott partition

To approximate min(f1, . . . , fn) with splines, we consider the following homogenous Morgan–Scott partition for an n-
cone σ =

∏
νk. We construct a new n-cone

∏
ωk inside σ , where ωk = α

∑
j≠k,j>0 νj + (1 − (n − 1)α)νk,

1
n < α < 1

n−1 .
Then we partition σ into 2n

− 1 n-cones πM =
∏

i∈M ωi
∏

j∈N/M νj, where M = {i1, . . . , im} is a nonempty subset of the
ordered set N = {1, 2, . . . , n}. This partition is called the homogenous Morgan–Scott partition of type one, and is denoted
by ∆1

MS. If we refine it by partitioning each πM intom!n-cones π
ρ

M =
∏m

r=1 ω
ρ
r
∏

j∈N/M νj, where ω
ρ
r =

ωρ(i1)+ρ(i2)+···+ρ(ir )
r and

ρ runs through all the permutation ofM , we obtain a new partition, which is called the homogenousMorgan–Scott partition
of type two, and is denoted by ∆2

MS. We have constructed an s12(R
n) spline s1(x) with support ∆1

MS and an s23(R
n) spline s2(x)

with support ∆2
MS in [14,15].

Nowwe construct a concrete homogenousMorgan–Scott partition. Let ν0 = −m(1, . . . , 1), νi = (0, . . . , 0,m, 0, . . . , 0)
and ϵi = ϵ(1, . . . , 1, 0, 1, . . . , 1), with 0 < ϵ < m. Then we take the intersection points pi of lines ν0ϵi with the plane
ν1 · · · νn as ωi. The coordinates of pi are given as follows:

xi =
m2

− ϵm(n − 1)
(n − 1)ϵ + mn

, xj =
(2ϵ + m)m

(n − 1)ϵ + mn
for j ≠ i.

The plane
∏

r≠i νr is
∑

xr −(n+1)xi−m = 0.We can scale the s12 homogenous spline obtained in [14] so that the polynomial

on the cell
∏

r≠i νr


ωi is 1

2m(n+1)

∑
xr − (n + 1)xi − m

2. Subtracting 1
n+1

∑
xi− m

2(n+1) from s1(x), and lettingm approach

infinity, we obtain an s12 spline which approximates min(x1, . . . , xn) uniformly. Similarly, we can scale the s23 homogenous

spline s2(x) obtained in [14,15] so that the polynomial on the cell
∏

r≠i νr


ωi is

−
1

3m2(n + 1)

−
xr − (n + 1)xi − m

3
.

Adding 1
n+1

∑
xi− m

3(n+1) to s2(x), and lettingm approach infinity,we obtain an s23 splinewhich approximatesmin(x1, . . . , xn)
uniformly.

4. Explicit expressions of the splines obtained

First we consider the s12 spline. The plane
∑n

r=1 air xir + d = 0 between two cells ωi1 · · · ωiqνiq+1 · · · νin and
ωi1 · · · ωiqωinνiq+1 · · · νin−1 is

1 +
ϵ

m


(xi1 + · · · + xiq) +


(2 − n)

ϵ

m
− q


xin + ϵ = 0.

Letting m approach infinity, we then have xi1 + · · · + xiq − qxin + ϵ = 0. The limit polynomial on the cell ωi1νi2 · · · νin is
xi1 . Now we construct limit polynomials on other cells by induction. According to Section 2, the conformal equation from
ωi1νi2 · · · νin to ωi1ωi2νi3 · · · νin and to ωi2νi1νi3 · · · νin is

xi1 + C1(xi1 − xi2 + ϵ)2 = xi2 + C ′

1(xi2 − xi1 + ϵ)2.

That is, C1 = C ′

1 =
1
4ϵ . So the limit polynomial on the cellωi1ωi2νi3 · · · νin is xi1 +

1
4ϵ (xi1 − xi2 + ϵ)2 = xi2 +

1
4ϵ (xi2 − xi1 + ϵ)2.

Suppose that the limit polynomial on the cell ωi1 · · · ωiq−2νiq−1 · · · νin is s12(x), the conformal equation from
ωi1 · · · ωiq−2νiq−1 · · · νin to ωi1 · · · ωiq−1νiq · · · νin and to ωi1 · · · ωiq−2ωiq−1ωiqνiq+1 · · · νin and to ωi1 · · · ωiq−2ωiqνiq−1νiq+1 · · · νin
and to ωi1 · · · ωiq−2νiq−1 · · · νin is

cq−2


q−2−
r=1

xir − (q − 2)xiq−1 + ϵ

2

+ cq−1


q−1−
r=1

xir − (q − 1)xiq + ϵ

2

= c ′

q−2


q−2−
r=1

xir − (q − 2)xiq + ϵ

2

+ c ′

q−1


q−2−
r=1

xir + xiq − (q − 1)xiq−1 + ϵ

2

.

That is, cq−1
cq−2

=
q−2
q or cq

cq−1
=

q−1
q+1 . So the limit polynomial on the cell ωi1 · · · ωiq−2ωiq−1ωiqνiq+1 · · · νin is

s12(x) = xi1 +

q−1−
r=1

cr


r−

l=1

xil − rxir+1 + ϵ

2

, c1 =
1
4ϵ

,
cr+1

cr
=

r
r + 2

.
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