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13\/’5-3555 For the problem given by u, = (Sru’"ug)S JET+ffor0 <& <a0<7T< A <o0,

35K60 u(,0) =uy(§)for0 <& <gandu(0,7) =0=u(a, 7)for0 < v < A, where a and

35K65 m are positive constants, r is a constant less than 1, f (u) is a positive function such that
lim,_, - f (u) = oo for some positive constant ¢, and ug (§) is a given function satisfying
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1. Introduction

Let a and m be positive constants, r be a constant less than 1, and A be a number such that 0 < A < oco. In this paper,
we study the existence and uniqueness of the solution and quenching phenomenon for the following nonlinear degenerate
parabolic problem with the initial-Dirichlet boundary-value condition,

(g u u5)§+f(u) in (0,a) x (0, A), (1.1)

T

%—r
u(g5 O) =Ug (E) on [05 a]v U(O, t) :O:u(a’ t) fort € (O’ A)v (12)
where f (u) and g (§) are given functions. Since the coefficient of ug¢ is u™, which tends to zero when & approaches 0 and a.
We canregard (1.1) as a degenerate equation. Let £ = ax, T = m+1Dt,A=a>(m+1)T,D=(0,1),2 =D x (0, T),
=[0,1],£2 =D x [0,T),and 382 = (D x {0}) U ({0, 1} x (0, T)). Then, the problem (1.1)~(1.2) is formulated below,
ue = (™) +f( ™ +d® (m+1Df () ing, (1.3)
X

u(x,0) =uy(x) onD, u0,t)=0=u(1,t) forte (0, 7). (1.4)

We assume that u (x) is a positive function in D such that ug (0) = 0 = uo (1), ug™" (x) € C*™* (D) for some « € (0, 1),
max,j o (x) < ¢ for some positive constant ¢, and

(") + 5 () + @ m+ Df (o) 2 0 inD, (1)

We also suppose that the source term f € C? ([0, ¢)),f (0) > 0,f’ (0) > 0,f” (s) > Ofors € [0, ¢), and lim,_, .~ f (u) =
The study of the problem (1.1)-(1.2) is motivated by the paper of Gratton et al. [1]. When f (u) = 0 and r > 0, they used

(1.1) to describe the creeping gravity flow of a power-law liquid on a rigid horizontal surface. In their paper, they considered

planar and axisymmetric flows. u was the thickness of the current, and r represented the Cartesian symmetry. When u is
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considered as the temperature of an object, (1.1) can be interpreted as a nonlinear heat conduction, and u™ represents the
thermal diffusivity (cf. [2, pp. 73-74]).

When f (u) = uP, Chan and Chan [3] studied the existence of classical solutions of the problem (1.1)-(1.2). Whenm = 0,
Chan and Chen [4] studied the quenching of the problem (1.1)—(1.2) for f (u) = 1/ (1 — u). They used a lower bound of u to
estimate the critical length of u numerically. They also determined an upper bound of the quenching time.

In Section 2, we shall discuss the existence and uniqueness of the classical solution of the problem (1.3)-(1.4). We shall
show the comparison theorem for the problem (1.3)-(1.4). In Section 3, we shall prove that u will quench in a finite time
under some conditions.

2. Existence and uniqueness of the solution

To study the existence of the classical solution of the problem (1.3)-(1.4), we let p = u™*!, Then, p satisfies the following
nonlinear degenerate parabolic problem,

r .
pe = (m+ 1P [py+ —p+ @ (m+ DS )] in2. 1)

p(x,0) =po(x) on D, p0,t)=0=p(1,t) forte (0, T), (2.2)

where pg (x) = uf""! (x). Since the coefficient (m + 1) p™ ™+ tends to 0 when x approaches 0 or 1, (2.1) is not uniformly

parabolic. To establish the existence of the classical solution of the problem (2.1)-(2.2), let £ be a small positive number less
than 1, and p, satisfy the following nonlinear problem,

r .
Per = M+ 1) (e + )" D [poy + —po +a (4 DS ()| in2, (23)

Pe (%,0)=po(x) onD,  p.(0,t)=0=p.(1,t) forte(0,T). (2.4)
To prove the existence of the solution of the problem (2.3)—(2.4), let us construct a sequence {w;} as follows: wq (x) = po (%),
and wj; satisfies the following linear parabolic initial-Dirichlet boundary-value problem fori =1, 2, 3, ...

wi, = (m+ 1) (wi_g + &)™ ™D [wixx vl @ menf (wi_l)] in @, (2.5)
X

wj (x,0) = po (x) onD, w;(0,t) =0=w; (1,t) fort € (0, T). (2.6)

When i — oo, we want to prove that {w;} converges to the unique classical solution p,. In addition, when ¢ — 0, we show
that {p.} converges to a classical solution p. With this result, we then establish the existence of a classical solution u. From
(1.5), wy satisfies

r
wy + ;w{)—i—az (m+1)f (wy) =0 inD. (2.7)
Clearly, wyq is a lower solution of the problem (2.5)-(2.6). We use the steady state solution v (x) (< c¢) being the upper

solution of the problem (2.5)-(2.6) where v (x) satisfies the following two-point boundary-value problem,

1d (rdv> ) .
——(¥X—)=—-a(m+1)f@w) inD, v(0)=0=wv(1). (2.8)
X" dx dx

Existence of v is obtained by the monotone sequence {v;}7°, (cf. [4]) which satisfies: vo = 0and fori = 1,2, 3, ...

dx dx

where o is a positive constant. By modifying the proof of Theorem 5 of Chan and Chen and Lemma 3 of [5], we obtain the
following lemma.

d dv;
(er) +ox'vi=0xXvi_1 —a® (m+ 1)Xf (vi_y) inD, v;(0)=0=uv;(1),

Lemma2.1. If o < 1and a? (m+ 1) f' (0) > o, then the two-point boundary-value problem (2.8) has the unique solution
veC (D) NC2((0,1]) and 0 < v < c in D, to which the sequence {vi}2, converges to v.

Let ky, ka, . .., ki7 denote appropriate positive constants. In what follows, we assume that
wo (X) <v(x) <c forxeD.
Let E = D x [0, T). We obtain the following properties for w;.

Lemma 2.2. For any positive integer i,
(i) v (®) = w; (X, £) > wo (X) on £2,
(i) w; € C (£2) N C¥r1*/2 (E) and is unique,
(iii) wi, > 0on £2, B
(iv) {w;_1} is a monotone nondecreasing sequence on 2.
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