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a b s t r a c t

In this paper, we get the existence of periodic and homoclinic solutions for a class of
asymptotically linear or sublinear Hamiltonian systems with impulsive conditions via
variational methods. However, without impulses, there is no homoclinic or periodic
solution for the system considered in this paper. Moreover, our results can be used to study
the existence of periodic and homoclinic solutions of difference equations.
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0. Introduction

In this paper, we consider the following Hamiltonian systems with impulsive conditions

q̈(t) = f (t, q(t)), for t ∈ (sk−1, sk), (0.1)

1q̇(sk) = gk(q(sk)), (0.2)

where k ∈ Z, q ∈ Rn, 1q̇(sk) = q̇(s+k ) − q̇(s−k ) with q̇(s±k ) = limt→s±k
q̇(t), f (t, q) = gradq F(t, q), F(t, q) ∈ C1(R × Rn, R),

gk(q) = gradq Gk(q),Gk ∈ C1(Rn, R) for each k ∈ Z and there existm ∈ N and T ∈ R+ such that 0 = s0 < s1 < · · · < sm =

T , sk+m = sk + T and gk+m = gk for all k ∈ Z.
There have been plenty of works studying the existence of periodic and homoclinic solutions of ordinary differential

equations

q̈(t) = f (t, q(t)), for t ∈ R, (0.3)

for examples, see [1–4]. In [2], Rabinowitz put forward the well known Ambrosetti–Rabinowitz (AR) condition: there exist
some µ > 2 and R > 0 such that

0 < µF(t, x) ≤ f (t, x)x (0.4)

for all t ∈ [0, T ] and x ∈ Rn with |x| ≥ R and proved the existence of periodic solutions for system (0.3). Under the (AR)
condition, the action functional associatedwith system (0.3) satisfies the Palais–Small condition ((PS) condition). Since then,
it has beenused extensively to study the existence of solutions of the superlinearHamiltonian system, for examples, see [5,6].
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However, the (PS) condition does not hold when f (t, x) is asymptotically linear or sublinear, which brings some
difficulties for system (0.3). In literature, more works concentrated on the first-order Hamiltonian systems which are
resonant at infinity, for examples, see [7,8]. In [9], Bartolo and Benci studied the existence of solutions for a second-order
Hamiltonian system. They proved a deformation lemma by substituting the usual (PS) condition by a (C)-condition and it
turns out that the Mountain Pass Theorem holds under the (C)-condition. By the same method, the authors in [10] studied
the existence of periodic solutions of system (0.3) when the behavior of the gradient of nonlinearity at infinity is like that of
a real valued function L∞(t)x.

Motivated by the works mentioned above, in this paper we study the existence of homoclinic and periodic solutions of
the second-order impulsive system (0.1)–(0.2) by variational methods. To the best of our knowledge, there has not been any
result of system (0.1)–(0.2) when f (t, q) is asymptotically linear or sublinear.

Impulsive differential equations are used to describe the behavior of evolution processes in which their states change
abruptly at certainmoments of time. These kind of processes naturally occur in control theory, biology, optimization theory,
medicine and some physics andmechanics problems, for examples, see [11–15]. For general aspects of impulsive differential
equations, see [16–19] and references therein.

The classical methods to study impulsive differential equations are mainly the topological degree theory [20,21] and
comparison method [22,23]. Recently, some authors studied these equations via variational methods [24–28]. In [24], Tian
and Ge studied the existence of solutions for a second order impulsive system of a more general form than (0.1)–(0.2) with
Sturm–Liouville boundary conditions. In [29,28], the authors studied the existence of weak solutions for a system similar
to (0.1)–(0.2) with Dirichlet boundary conditions. In [26,27], Zhang and Li studied the existence of periodic solutions for
systems (0.1)–(0.2).

In this paper, we study the existence of periodic and homoclinic solutions for (0.1)–(0.2) when the nonlinear term does
not satisfy the (AR) condition, or more precisely, when f (t, x) is asymptotically linear or sublinear. Particularly, the effect of
impulses are stressed and some results owned by impulsive differential equation are attained.We first get a periodic solution
of (0.1)–(0.2). Next, when f (t, x) is asymptotically linear, we show there exists a non-zero homoclinic solution as the limit
of a sequence 2lT -periodic solutions as l goes to ∞, and when f (t, x) is sublinear, we attain a non-zero homoclinic solution
in the same way by strengthening the effect of impulses. Under our conditions about f , system (0.3) does not possess any
non-zero periodic or homoclinic solutions. So the periodic and homoclinic solutions we obtained are solutions generated
by impulses. Here, a periodic (or homoclinic) solution q of (0.1)–(0.2) is said to be generated by impulses if system (0.3)
does not possess periodic (or homoclinic) solutions. Particularly, in our results, the nonlinear term is allowed to be zero.
Using these facts, we apply these results to a class of difference equations, and obtain two new results about the existence
of periodic and homoclinic solutions.

This paper is divided into five sections: in Section 1, the main results are stated; in Section 2, some preliminaries
are given; in Sections 3 and 4, we give the proofs of the main results; in Section 5, we apply our results to difference
equations.

1. Main results

First, we give the following conditions:

(f1) F(t, q) ≥
1
2 f (t, q)q > 0 for all t ∈ [0, T ] and q ∈ Rn

\ {0}.
(f2) f (t, q) = αq + w(t, q) for all t ∈ [0, T ] and q ∈ Rn, where α > 2

µ
for some µ > 2, w(t, q) = gradq W (t, q) and

W (t, q) ≥
1
2w(t, q)q > 0 for all t ∈ [0, T ] and q ∈ Rn

\ {0};
(f3) F(t, q) ≥

1
2 f (t, q)q ≥ 0 for all t ∈ [0, T ] and q ∈ Rn.

(g1) there exists µ > 2 such that

gk(q)q ≤ µGk(q) < 0, for all k = 1, 2, . . . ,m and q ∈ Rn
\ {0}.

(g2) gk(q) = 2q + wk(q), where wk = gradq Wk(q) and satisfies that there exists µ > 2 such that

wk(q)q ≤ µWk(q) < 0, for all k = 1, 2, . . . ,m and q ∈ Rn
\ {0}.

Theorem 1. If F is T -periodic in t and satisfies (f1), gks satisfies condition (g1) for all k = 1, 2, . . . ,m, then system
(0.1)–(0.2) possesses at least one non-zero periodic solution generated by impulses.

Example 1. Let

F(t, q) =
1
4
e(t)q

4
3 ,

where e : R → R+ is continuous with period T . Then f (t, q) =
1
3 e(t)q

1
3 . It is easy to check that f (t, q) satisfies condition

(f1). Moreover, we take the impulses Gk (k = 1, . . . ,m) as follows

Gk(q) = −η(k)q4, (1.1)
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