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a b s t r a c t

An automatic quadrature scheme is developed for the approximate evaluation of the
product-type indefinite integral

Q ( f , x, y, c) =

∫ y

x
ρ(t)K(t, c)f (t) dt, −1 ≤ x, y ≤ 1, −1 < c < 1,

where ρ(t) = 1/
√
1 − t2, K(t, c) = 1/(t−c) and f (t) is assumed to be a smooth function.

In constructing an automatic quadrature scheme,we consider two cases: (1)−1 < x < y <
1, and (2) x = −1, y = 1. In both cases the density function f (t) is replaced by the truncated
Chebyshev polynomial pN (t) of the first kind of degree N . The approximation pN (t) yields
an integration rule QN ( f , x, y, c) to the integral Q ( f , x, y, c). Interpolation conditions are
imposed to determine the unknown coefficients of the Chebyshev polynomials pN (t).
Convergence problem of the approximate method is discussed in the classes of function
CN+1,α

[−1, 1] and Lwp [−1, 1]. Numerically, it is found that when the singular point c either
lies in or outside the interval (x, y) or comes closer to the end points of the interval [−1, 1],
the proposed scheme gives a very good agreement with the exact solution. These results in
the line of theoretical findings.

Crown Copyright© 2010 Published by Elsevier B.V. All rights reserved.

1. Introduction

Many methods have been developed for the numerical evaluation of a singular integral along the finite interval of the
form

Q ( f , c) =

∫ a

b
ρ(t)K(t, c)f (t) dt, a < c < b, (1)

where ρ(t) is a weight function, f (t) is a smooth function on the given interval [a, b] and K(t, c) is some singular or badly
behaved kernel such as ln |t − c|, |t − c|α, α > −1, Cauchy kernel 1

t−c , Hilbert kernel cot
 t−c

2


or oscillatory kernel

eiωt , |ω| ≫ 1.
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There exists a rich literature [1–14] on the numerical evaluation of the definite integral (1) for the different forms of the
kernel K(t, c)mentioned above. Unfortunately, for the numerical evaluation of the indefinite integrals of the form

Q ( f , x, y, c) =

∫ y

x
ρ(t)K(t, c)f (t) dt, −1 ≤ x, y ≤ 1, − 1 < c < 1, (2)

a small literature is available [15–17].
Particularly, Rabinowitz [14] used the Jacobi polynomials PN(t) of degree N to approximate the singular integral (SI)

(1) when ρ(t) = ρ(α,β)(t) = (1 + t)α(1 − t)β , α, β > −1, kernel K(t, c) =
1

t−c and [a, b] = [−1, 1]. They
investigated the convergence of sequences of integration rules Qn( f , c) to Q ( f , c) for all c ∈ (−1, 1). Gauss–Jacobi
rules and the interpolatory integration rules are used to construct the quadrature formulas (QFs) based on the zeros of
(1 − t2)Pα,βn−2m(t),m = 0, 1 for certain values of α and β . The results are then applied to the study of the convergence
of Hunter’s method for Cauchy principal value integrals. In 1990, Rabinowitz [13] consider product integral of the form
(1) on the interval J = [−1, 1] with two types of kernels ρ(t)K(t, c) = k(t), k(t) ∈ L1(J) and K(t, c) =

1
t−c . In both

kernels convergence results are proved for product integration rules based on approximating splines. Pointwise and uniform
convergence results are proved for sequences of Cauchy principal values of these approximating splines.

Diethelm [4] proposed a new QF Q G3
n+1[ f ; c], which is named the Gaussian quadrature formula of the third kind, defined

by

Q [ f , c] =

∫ 1

−1

f (t)
t − c

dt ∼= Q G3
n+1[ f ; c] =

∫ 1

−1

πn−1[ f ](t)− πn−1[ f ](c)
t − c

dt + f (c) ln
1 − c
1 + c

, (3)

whereπn−1[ f ] is the interpolating polynomial of degree n−1 for the function f at the zeroes of the nth Legendre polynomial
with Pn(ti) = 0. In this QF he showed that this quadrature formula does not have the disadvantages of the other two well-
known quadrature formulae based on the same set of nodes. In particular,he proved that sequence Q G3

n+1[ f ; c] converges to
the true value of the integral Q [ f ; c] uniformly for all c ∈ (−1, 1). In 1997, Diethelm [5] considers the Cauchy principal
value integrals (1) with weight function ρ(t) = wα,β(t)ψ(t), where wα,β(t) = (1 + t)α(1 − t)β , α, β ≥ −1/2 is a Jacobi
weight and 0 < ψ ∈ DT , where

DT :=


ϕ ∈ C[−1, 1] :

∫ 1

0

ω(ϕ, x)
x

dx < ∞


is the class of Dini-type functions, andω(ϕ, x) denotes the usual modulus of continuity of ϕ. A quadrature formula, so-called
modified quadrature formula (MQF) is obtained by subtracting out the singularity and then apply a classical quadrature
formula.He gave new bounds involving the total variation Var f (s) and Lp norms ‖f (s)‖p of some derivative of the integrand
function and proved the uniform convergence of MQFs for all possible positions of the singular point.

In 2009, Eshkuvatov et al. [6] constructed QFs for SI (1) with weight function ρ(t) =
1√
1−t2

and kernel K(t, c) =
1

t−c

on the interval [−1, 1], by combining the modified of discrete vortices method (MDV) and linear spline interpolation. They
proved the uniform convergence of the QFs for all c ∈ (−1, 1) and improved the rate of convergence of MDV in the classes
of functions Hα[−1, 1] and C1

[−1, 1]. In the same year Eshkuvatov et al. [7] have constructed QFs for SI (1) with ρ(t) = 1
and K(t, c) =

1
t−c based on modified MDV, called MMDV, when the singular point c lies in the middle of the subinterval

[tj, tj+1] or coincides with the knot points c = tj for fixed j. In this work they improved the rate of convergence of MDV in
the classes of functions Hα[−1, 1] and C1

[−1, 1].
Hasegawa and Torii [15] presented an automatic quadrature scheme (AQS) for the evaluation of indefinite integral of

oscillatory function of the form
 x
0 f (t)eiωt dt, 0 ≤ x ≤ 1, for a given function f (t), which is assumed to be smooth. They

combined an automatic quadrature scheme with Sidi’s extrapolation method to make an effective quadrature scheme for
oscillatory infinite integral


∞

0 f (x) cosωx dx. In 1991, Hasegawa and Torii [9] proposed AQS for the product-type indefinite
integral (2) with ρ(t) = 1 and K(t, c) are some singular or badly behaved functions such as K(t, c) = |t − c|α, α > −1 or
K(t, c) = ln |t − c|,−1 ≤ c ≤ 1 or K(t, c) = eict , |c| ≫ 1. In the derivation of AQS the function f (t) is approximated by a
truncated Chebyshev series pN(t) of degree N , whose coefficients are efficiently computed using the fast Fourier transform
(FFT). The approximation QN( f , x, y, c) to the integral Q ( f , x, y, c) is given by Q (pN , x, y, c). To enhance the efficiency of
AQS, the degree N is increased more slowly than doubling. The evaluations of QN( f , x, y, c) = Q (pN , x, y, c) for a set of
(x, y, c) can be efficiently made by using recurrence relations for the singular kernels K(t, c) above.

In 2007, Hasegawa and Suguira [17] proposedAQS for approximating the indefinite integral having algebraic–logarithmic
singularities

Q ( f , x, y, c) =

∫ y

x
f (t)|t − c|α log |t − c| dt, −1 ≤ x, y, c ≤ 1, α > −1, (4)

within a finite range [−1, 1] for some smooth function f (t). They expand the given indefinite integral in terms of
Chebyshev polynomials by using auxiliary algebraic–logarithmic functions. The scheme approximates the indefinite integral
Q ( f , x, y, c) uniformly, independently of the value c aswell x and y. This fact enables them to evaluate the integral transform
Q ( f , x, y, c) with varied values of x, y and c efficiently. In the same paper they proposed an open problem for the uniform
convergence of AQS for SI (5).
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