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expansions with respect to the defined linear operators T and U. In the third example, we
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1. Introduction

Let S = {S;(.)}2, be an infinite set of all linear arbitrary functionals [1,2], which are defined on a linear vector space and
@ = {Pi(x)}2, be a certain set of basis functions. In this case, it is clear that we have

S; (Z aicb,-(x)) =) aS(#:(x)) foranyj=0,1,..., (1)
i=0

i=0

where {a;}7" , are arbitrary constants.
We start our discussion with a main problem: Suppose that the following equality is given

FO0 =" SiHdi), (2)

i=0

where {S;(f)}_, C Sand {®;(x)}lL, C ®.
In general, two different viewpoints can be considered for equality (2). Either it is a functional equation to be solved,
e.g. the following equation

1
F0 =F(0) + 520 + ( / f(X)dX> 2, 2.1)
0
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or it is a finite approximation for f (x) like:

/ X 1" XZ ua X3
f00 =F©O +f O3+ O +" O3, (2.2)

which is in fact a Taylor expansion of order 3 at x = 0.

Now, the main problem is how to recognize that (2) is a functional equation or is a finite approximation for f(x). For
instance, compare two given equalities in (2.1) and (2.2). Although both of them are just special cases of equality (2), how
can one find out that (2.1) is a functional equation while (2.2) is a finite approximation for f (x)? This is an important question
that should be answered. Before responding to this question, we should note that both above-mentioned cases lead to only
one result, i.e. determining the unknown functionals {S;(f)}{_, in (2) appropriately.

To solve the problem, first note that since {S;(f)}\_, are all linear functionals, taking S, S1, ... and S, from both sides of
(2) respectively yields

So(f) =So [ Y_SiN®ix) | =D SiSo(®i(x)),
i=0 i=0

$IF) =51 [ Y_SiNPi0) | =D SiHS1(#ix)), .
i=0 i=0

Suf) = Su (Z sf(f><z>,-(x>) = SiH)Su(Pi(x)).
i=0 i=0

If the above expressions constitute a linear homogeneous system, then (2) can be interpreted as a functional equation.
In this case, (3) takes the matrix form

So(Po) — 1 So(®1) So(Pn) So(f)
S1(Po) Si(@¢p)—-1 --- S1(®y) S1(f)

MX = : . . . : =0, (3.1)
Su @) Su@) o Su@) — 1] Lsa(n)

where M denotes the coefficients matrix and X is the unknown functionals vector.

After solving the above linear system with respect to one of the pre-assigned functionals (provided that det M = 0), the
exact solution of functional equation (2) will be obtained. For example, let us come back to the given Eq. (2.1) and solve it
via matrix representation (3.1).

By replacing the values So(f) = f(0), ®o(x) = 1, S;(f) =f'(2), ®1(x) = x% 5:(f) = f01f(x)dx and @, (x) = x*in (3.1)
one gets

f(0)
0 0 0 y
[0 3 12 ] { ) =0. (4)
1 1/3 —3/4 /f(x)dx

0

If for instance f (0) # 0in (4), then the solution of functional equation (2.1) would be f (x) = f(0)(1 — %xz + %x3).

But the next question is: What will happen if the second given example in (2.2) is assumed to be a functional equation?

To answer this question, it is clear that we should first constitute the elements of matrix M corresponding to Eq. (2.2).
Hence, if the values So(f) = f(0), @o(x) = 1, S1(f) = f'(0), ®1(x) = x, S,(f) = f"(0), Po(x) = x*/2,S3(f) = f"(0) and
@3(x) = x3/6 are replaced in (3.1) then the following system of equations will be revealed

0 0 0 0[S0
00 of|f
0 0 0|]f0)
0 0 o][fO

=0. (5)

o OO

Relation (5) shows that the linear system (3) (or equivalently (3.1)) always holds for the example (2.2) if f ? (0) # oo; i =
0, 1, 2, 3. This means that if all elements of matrix M are zero, then the functional equation corresponding to (2) will be
transformed to a finite approximation for f (x). Clearly this result depends on making some suitable conditions under which
the elements of matrix M are all zero. So, by looking at matrix M in (3.1), we directly find out that the fundamental condition

siois- [0 2]
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