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a b s t r a c t

In this paper, a novel hybrid method based on fuzzy neural network for approximate fuzzy
coefficients (parameters) of fuzzy linear andnonlinear regressionmodelswith fuzzy output
and crisp inputs, is presented. Here a neural network is considered as a part of a large field
called neural computing or soft computing. Moreover, in order to find the approximate
parameters, a simple algorithm from the cost function of the fuzzy neural network is
proposed. Finally, we illustrate our approach by some numerical examples.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The concept of fuzzy numbers and fuzzy arithmetic operations were first introduced in [1,2]. We refer the reader to [3]
for more information on fuzzy numbers and fuzzy arithmetic.
Regression analysis is one of themost popular methods of estimation. It is applied to evaluate the functional relationship

between the dependent and independent variables. Fuzzy regression analysis is an extension of the classical regression
analysis in which some elements of the model are represented by fuzzy numbers. Fuzzy regression methods have been
successfully applied to various problems such as forecasting [4–6] and engineering [7]. Thus, it is very important to develop
numerical procedures that can appropriately treat fuzzy regression models. Modarres et al. [8] proposed a mathematical
programming model to estimate the parameters of a fuzzy linear regression

Yi = A1xi1 + A2xi2 + Anxin,

where xij ∈ R and A1, A2, . . . , An, Yi are symmetric fuzzy numbers for i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
Ishibuchi et al. [9] proposed a learning algorithm of fuzzy neural networks with triangular fuzzy weights and Hayashi

et al. [10] fuzzified the delta rule. Buckley and Eslami [11] consider neural network solutions to fuzzy problems. The topic
of numerical solution of fuzzy polynomials by fuzzy neural network investigated in [12], consists of finding solution to
polynomials like a1x + a2x2 + · · · + anxn = a0 where x ∈ R and a0, a1, . . . , an are fuzzy numbers, and finding solution to
systems of s fuzzy polynomial equations such as [13]:
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f1(x1, x2, . . . , xn) = a10,
...
fl(x1, x2, . . . , xn) = al0,
...
fs(x1, x2, . . . , xn) = as0,

where x1, x2, . . . , xn ∈ R and all coefficients are fuzzy numbers.
In this paper, we first propose an architecture of fuzzy neural network (FNN) with fuzzy weights for real input vectors

and fuzzy targets to find approximate coefficients to fuzzy linear regression model

Y i = A0 + A1xi1 + · · · + Anxin,

and fuzzy nonlinear regression model

Y i = A0eA1xi1+A2xi2+Anxin ,

where i indexes the different observations, xi1, xi2, . . . , xin ∈ R, all coefficients and Y i are fuzzy numbers. The input–output
relation of each unit is defined by the extension principle of Zadeh [1]. Output from the fuzzy neural network, which is
also a fuzzy number, is numerically calculated by interval arithmetic [14] for fuzzy weights and real inputs. Next, we define
a cost function for the level sets of fuzzy outputs and fuzzy targets. Then, a crisp learning algorithm is derived from the
cost function to find the fuzzy coefficients of the fuzzy linear and nonlinear regression models. The proposed algorithm is
illustrated by some examples in the last section.

2. Preliminaries

In this section the basic notations used in fuzzy calculus are introduced. We start by defining the fuzzy number.

Definition 1. A fuzzy number is a fuzzy set u : R1 −→ I = [0, 1] such that

i. u is upper semi-continuous;
ii. u(x) = 0 outside some interval [a, d];
iii. There are real numbers b and c , a ≤ b ≤ c ≤ d, for which
1. u(x) is monotonically increasing on [a, b],
2. u(x) is monotonically decreasing on [c, d],
3. u(x) = 1, b ≤ x ≤ c .

The set of all the fuzzy numbers (as given in Definition 1) is denoted by E1.
An alternative definition which yields the same E1 is given in [15,16].

Definition 2. A fuzzy number u is a pair (u, u) of functions u(r) and u(r), 0 ≤ r ≤ 1, which satisfy the following
requirements:

i. u(r) is a bounded monotonically increasing, left continuous function on (0, 1] and right continuous at 0;
ii. u(r) is a bounded monotonically decreasing, left continuous function on (0, 1] and right continuous at 0;
iii. u(r) ≤ u(r), 0 ≤ r ≤ 1.

A crisp number r is simply represented by u(α) = u(α) = r, 0 ≤ α ≤ 1. The set of all the fuzzy numbers is denoted by
E1.
A popular fuzzy number is the triangular fuzzy number u = (um, ul, ur)where um denotes the modal value and the real

values ul > 0 and ur > 0 represent the left and right fuzziness, respectively. Its parametric form is

u(α) = um + ul(α − 1), u(α) = um + ur(1− α).

Triangular fuzzy numbers are fuzzy numbers in LR representation where the reference functions L and R are linear. The
set of all triangular fuzzy numbers on R is called F̂Z .

2.1. Operations on fuzzy numbers

We briefly mention fuzzy number operations defined by the extension principle [1]. Since coefficients vector of
feedforward neural network is fuzzified in this paper, the operations we use in our fuzzy neural network are fuzzified by
means of the extension principle. The h-level set of a fuzzy number X is defined by

[X]h = {x ∈ R|µX (x) ≥ h} for 0 < h ≤ 1,

and [X]0 =
⋃
h∈(0,1][X]h. Since level sets of fuzzy numbers become closed intervals, we denote [X]h by

[X]h = [[X]Lh, [X]
U
h ],
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