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1. Introduction

In this study we are concerned with the problem of approximating a solution x* of equation
F(x) =0, (1.1)

where F is a Fréchet-differentiable operator defined on a convex subset D of a real Banach space X with values in a real
Banach space Y.

A large number of problems in applied mathematics and also in engineering is solved by finding the solutions of certain
equations. For example, dynamic systems are mathematically modeled by difference or differential equations, and their
solutions usually represent the states of the systems. For the sake of simplicity, assume that a time-invariant system is driven
by the equation X = Q (x) for some suitable operator Q, where x is the state. Then, the equilibrium states are determined
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by solving Eq. (1.1). Similar equations are used in the case of discrete systems. The unknowns of engineering equations can
be functions (difference, differential, and integral equations), vectors (systems of linear or nonlinear algebraic equations),
or real or complex numbers (single algebraic equations with single unknowns). Except in special cases, the most commonly
used solution methods are iterative — when starting from one or several initial approximations a sequence is constructed
that converges to a solution of the equation. Iteration methods are also applied for solving optimization problems. In such
cases, the iteration sequences converge to an optimal solution of the problem at hand. Since all of these methods have the
same recursive structure, they can be introduced and discussed in a general framework.
We shall use the iterative procedure

Xnp1 =Xp +Sp, (1 >0), (1.2)

where step s, satisfies
F'(X0)$n = —F (X)) + 12 (n > 0), (1.3)

for some null residual sequence {r,} C Y, to generate a sequence {x,} approximating the solution x*.

A convergence analysis of inexact Newton method (1.2) has been given by many authors and under various
assumptions [1-4,7-10,12,14-17]. If s, = 0 (n > 0), we obtain the ordinary Newton’s method for solving nonlinear
equations. Otherwise iterative procedure (1.2) is called inexact Newton’s method. By semilocal convergence we mean that
we are seeking a solution x* inside a ball centered at the initial guess Xy, and of a certain finite radius. We recommend the
reading of Chapter XVIII on Newton’s method of the Kantorovich and Akilov book [15], especially Theorem 6 in Section 1.5,
along with the proof, to see how the majorizing function is constructed there (whose least zero plays an important role) (see
also relevant Section 4.2 in [7]).

There are two kinds of methods for the solution of linear equations. The first kind of methods are the so-called direct
methods, or elimination methods. In this case the exact solution is determined through a finite number of arithmetic
operations in real arithmetic without considering the round-off errors. For a list of difficulties and how to handle them
we refer the reader to [9].

Another kind of methods are the iterative ones, which result in a two-stage method, or sometimes termed as inner/outer
iterations for solving nonlinear equation (1.1).

In this study we are motivated by optimization considerations and the elegant works in [12,14,16]. Guo provided
semilocal convergence analysis for inexact Newton method (1.2) using Lipschitz conditions on the Fréchet-derivative F’
of operator F. He also provided bounds on the number of inner iteration steps.

We use a combination of Lipschitz and center-Lipschitz conditions along the lines of our works on Newton as well as
Newton-like methods [5-7] to provide a new convergence analysis for inexact Newton method (1.2) with advantages over
earlier works [1-4,7-10,12,14-17] (especially [ 12,14-17]) as stated in the abstract of this paper.

2. Type I semilocal convergence analysis of inexact Newton method (1.2)

The main new idea is to introduce a center-Lipschitz condition (with constant y;), and then use it instead of the Lipschitz
condition (with constant ) employed in [12] to provide more precise upper bounds on the norms ||[F’(x)~' F’(xo)| in case
Yo < Y (see also the proof of Theorem 2.1, and Remark 2.2 that follow). We can show the main semilocal convergence result
for the inexact Newton method (1.2):

Theorem 2.1. Let F: D € X — Y be a Fréchet-differentiable operator. Suppose: F'(xo) ™! € L(Y, X) for some xo € D, and there
exist parameters 8 > 0,9 > 0,y > 0,and n € [0, 1) such that forallx,y € D:

IF"(x0)~'F(x0) | < B,

IF'(%0) "' [F'(x) — F'(xo)1Il < yollx — xoll,

IF"(x0) ' [F'(x) = F W1l < ylx =yl

IFeO ™l )

IF"(xo)~"F(xa) || = no

By =< Dpo,
and

— S1 S1
Up = U | xo, = 1x € X:[lx —Xoll < cb,
1-— 1—0

where,
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