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1. Introduction

In this paper we focus on systems of linear equations of the form
x=Ax+b, (1.1)

where A is an n x n matrix and b is a column vector in the n-dimensional space R". We propose methods to compute an
approximate solution within a subspace spanned by a relatively small number of basis functions.

Our motivation comes from recent advances in the field of dynamic programming (DP), where large systems of equations
of the form (1.1) appear in the context of evaluation of the cost of a stationary policy in a Markovian decision problem. In this
DP context, we are given an n-state Markov chain with transition probability matrix P, which evolves for an infinite number
of discrete time periods, and a cost vector g € R", whose components g; represent the costs of being at the corresponding
statesi = 1, ..., n, for a single time period. The problem is to evaluate the total cost vector

o0
X = E a'Plg,
=0

where @ € (0, 1) is a discount factor, and the components x; represent the total expected «-discounted cost over an infinite
number of time periods, starting from the corresponding statesi = 1, ..., n. It is well known that x is the unique solution
of the equation

x=uoPx+g,
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and furthermore, x can also be computed iteratively by the Jacobi method x;; = aPx; + g (also known as value iteration
in the context of DP), since the mapping x +— aPx + g is a contraction with respect to the sup norm; see textbooks on DP,
such as for example [6], or [20].

We focus on the case where n is very large, and it may be worth (even imperative) considering a low-dimensional
approximation of a solution within a subspace

S={or|re Ry,

where the columns of the n x s matrix @ can be viewed as basis functions. This type of approximation approach has
been the subject of much recent research in approximate DP, where several methods have been proposed and substantial
computational experience has been accumulated. The most popular of these methods use projection with respect to the
weighted Euclidean norm given by

lIxlls =

where & € R" is a probability distribution with positive components. We denote by I7 the projection operation onto S with
respect to this norm (while /T depends on &, we do not show the dependence, since the associated vector & will always be
clear from the context). The aforementioned methods for approximating the solution of the DP equation x = «Px 4+ g aim
to solve the equation

&r = I (xPPr + b)

with & being the invariant distribution of the transition probability matrix P (which is assumed irreducible; i.e., has a single
recurrent class and no transient states). The more general methods of this paper aim to approximate a fixed point of the

mapping
T(x) = Ax+ b,
by solving the equation
&r = IIT(®r) = [1(ADr + b), (1.2)

where the projection norm | - ||¢ is determined in part by the structure of A in a way to induce some desired property. We
view IT as a matrix and we implicitly assume throughout that I — ITA is invertible. Thus, for a given &, there is a unique vector
y* such that y* = IIT(y*), and we have y* = &r* for some r* € R’ (if @ has linearly independent columns, r* is also
unique).

To evaluate the distance between @r* and a fixed point x* of T, we write

X' — @rf =x" — [Ox" + IIx* — &r* =x" — [Ix* + OTx* — OTOr* = x* — [x" + [TA(x" — &%), (1.3)
from which

X — or* = (I — A~ (x* — [x").
Thus, we have for any norm || - || and fixed point x* of T

X — @r*|| < || = A~ Ix* — X", (1.4)

and the approximation error ||x* — @r*|| is proportional to the distance of the solution x* from the approximation subspace.
If ITT is a contraction mapping of modulus « € (0, 1) with respect to || - ||, from Eq. (1.3), we have

[x* — @r*|| < IX* — IOx*|| + [[IT(X") — OT(®r")|| < ||X* — [Ix*|| + a|x* — &1,
so that

1
[x* — @r*|| < ] [lx* — IIx"|. (1.5)

—a
A better bound is obtained when ITT is a contraction mapping of modulus « € [0, 1) with respect to a Euclidean norm
(e.g., || - l¢)- Then, using the Pythagorean Theorem, we have
X — @r*|1> = |]x* — [Tx*||* + [|[[Tx* — &r*|?
= X" — Ox*|* + | AT (") — OT(@1)|°
Ix* — IIx*||* 4 o |Ix* — &r*|?

A

from which we obtain

lx* — x|, (1.6)

X —ort||* <
[ [ -
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