
Journal of Computational and Applied Mathematics 233 (2010) 2235–2244

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Spectral properties of primal-based penalty preconditioners for saddle
point problemsI

Shu-Qian Shen a,b,∗, Ting-Zhu Huang b, Er-Jie Zhong b
a School of Mathematics and Computational Sciences, China University of Petroleum, Dongying, Shandong, 257061, PR China
b School of Applied Mathematics, University of Electronic Science and Technology of China, Chengdu, Sichuan, 610054, PR China

a r t i c l e i n f o

Article history:
Received 28 March 2009
Received in revised form 11 August 2009

Keywords:
Saddle point problem
Block preconditioner
Eigenvalue
Krylov subspace method

a b s t r a c t

For large and sparse saddle point linear systems, this paper gives further spectral properties
of the primal-based penalty preconditioners introduced in [C.R. Dohrmann, R.B. Lehoucq,
A primal-based penalty preconditioner for elliptic saddle point systems, SIAM J. Numer.
Anal. 44 (2006) 270–282]. The regions containing the real and non-real eigenvalues of the
preconditioned matrix are obtained. The model of the Stokes problem is supplemented
to illustrate the theoretical results and to test the quality of the primal-based penalty
preconditioner.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

We are given the large, sparse and nonsingular linear system in saddle point form:

Ax ≡
(
A BT

B −C

)(
u
p

)
=

(
f
g

)
≡ b (1)

with A ∈ Rn×n symmetric positive definite, B ∈ Rm×n with m ≤ n (possibly m � n) and C ∈ Cm×m symmetric positive
semidefinite, which can arise, for example, in finite element discretizations of PDEs, see, e.g., [1–4], the geophysical inverse
problems, see, e.g., [5], optimization problems, see, e.g., [6], and least-squares problems, see, e.g., [7]. We refer to Benzi,
Golub, Liesen [8] for more applications and numerical solution techniques of (1).
This paper is devoted to making a further study on the preconditioner:

M =

(
I BTĈ−1

0 −I

)(
Ŝ 0
0 −Ĉ

)(
I 0
Ĉ−1B −I

)
,

where Ĉ, Ŝ are symmetric positive definite, and Ŝ is an approximation of the so-called inexact Schur complement S =
A + BTĈ−1B. This preconditioner, called a primal-based penalty preconditioner, was recently presented by Dohrmann and
Lehoucq [9] for elliptic saddle point systems. In the implementation of the preconditioned iteration, one application ofM
requires one application of Ŝ and two applications of Ĉ . Assume that

H =

(
S − Ŝ 0
0 Ĉ − C

)
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is symmetric positive definite. Then the bilinear form induced byH

〈x, y〉H := xTHy

is an inner product. This inner product is called the H-inner product. It is shown in [9] thatM−1A is symmetric positive
definite in theH-inner product, i.e.,HM−1A is symmetric positive definite. Thus, the preconditioned Conjugate Gradient
methodwhich has short recurrences can be used. For the saddle point problem (1)with C = 0,when Ĉ = εI, Ŝ = A+ε−1BTB,
the preconditionerM reduces to the regularized preconditioner which is first introduced by Axelsson [10], and then studied
by Niet et al. [11,12] in detail. Recently, when Ĉ = εM, S = A+BTĈ−1B, the preconditionerM has been successfully applied
tomixed finite elements approximations to the Stokes andNavier–Stokes equations inGartling andDohrmann [2]. Here,M is
the pressuremassmatrix. But no deep analysis was given. It should bementioned that symmetric indefinite preconditioners
similar to the primal-based penalty preconditioner has been deeply studied in [13,14,6,15].
This paper is to give a further analysis on the preconditionerM. On the one hand, for the case C = 0, the estimates of

the real and non-real eigenvalues of the preconditioned matrix are derived. On the other hand, the eigenvalue inclusion
interval ofM−1A is obtained under the mild conditions that S − Ŝ and Ĉ − C are symmetric positive definite. The interval
obtained here only depends on three extreme values corresponding to Ŝ−1S and Ĉ−1BŜ−1BT, whereas the bounds given in
[9, Theorem 3.3] depend on five extreme values.
The remainder of this paper is organized as follows. In Section 2, we give regions containing the real and non-real

eigenvalues of the preconditioned matrixM−1A. In Section 3, we present numerical experiments to explain the theoretical
results. Some concluding remarks are given in Section 4.
The following notations will be used throughout the paper. We denote by Re(θ), Im(θ), PT, P∗, λmin(Q ) and λmax(Q ) the

real and the imaginary parts of the number θ , the transpose and the conjugate transpose of the matrix P , the minimum and
the maximum real eigenvalues of the real matrix Q having real eigenvalues, respectively. We write P � Q (P � Q ) if and
only if P − Q is symmetric positive definite (semidefinite) for real symmetric matrices P and Q .

2. Analysis of the preconditioner M

In the implementation of the preconditioned iteration, the solution of the system

M

(
zu
zp

)
=

(
rf
rg

)
can reduce to

1. solve Ŝzu = rf + BTĈ−1rg for zu;
2. solve Ĉzp = Bzu − rg for zp.

Clearly, the preconditioner solves can be obtained by one solve with Ŝ and two solves with Ĉ; see also [10,9]. When
Ĉ = εI, Ŝ = A+ ε−1BTB, it is obvious that the preconditioner solve can be derived only by one solve with A+ ε−1BTB.
Hereafter, we denote

µ1 = λmin(Ŝ−1S), µn = λmax(Ŝ−1S), τm = λmax(Ĉ−1C),

ν1 = λmin(Ĉ−1BŜ−1BT), νm = λmax(Ĉ−1BŜ−1BT).

The following theorem gives the spectral properties ofM for the saddle point problem (1) with C = 0.

Theorem 2.1. Assume that C = 0. Then any eigenvalue λ of M−1A satisfies

(i) If Im(λ) 6= 0, then |1− λ|2 ≤ 1− µ1 < 1 and

Re(λ) ∈ [χ1, χ2], Im(λ) ∈ [−χ3, χ3],

where

χ1 =
1
2
µ1, χ2 = min

{
1,
1
2
(µn + νm)

}
, χ3 = min

12 ,
√
νm −

µ21

4

 .
(ii) If Im(λ) = 0, then

λ ∈ [χ4, χ5],

where

χ4 =

min
{
µ1,
1
2
(µn + ν1 −

√
(µn + ν1)2 − 4ν1)

}
if (µn + ν1)2 − 4ν1 ≥ 0,

µ1 if (µn + ν1)2 − 4ν1 < 0,
χ5 = µn + νm.
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