Journal of Computational and Applied Mathematics 233 (2010) 1577-1583

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Higher order hypergeometric Lauricella function and zero asymptotics
of orthogonal polynomials

P. Martinez-Gonzalez?, A. ZarzoP<*

@ Departamento de Estadistica y Matemadtica Aplicada, Universidad de Almeria, La Caiiada, E-04120 Almeria, Spain
b Instituto Carlos I de Fisica Teérica y Computacional, Facultad de Ciencias, Universidad de Granada, E-18071 Granada, Spain
¢ Departamento de Matemdtica Aplicada, E.T.S. Ingenieros Industriales, Universidad Politécnica de Madrid, E-28006 Madrid, Spain

ARTICLE INFO ABSTRACT

Artic{e history: The asymptotic contracted measure of zeros of a large class of orthogonal polynomials

Received 17 November 2007 is explicitly given in the form of a Lauricella function. The polynomials are defined by
] ) means of a three-term recurrence relation whose coefficients may be unbounded but

Dedicated to Professor Jesis S. Dehesa on vary regularly and have a different behaviour for even and odd indices. Subclasses of

the occasion of his 60th birthday systems of orthogonal polynomials having their contracted measure of zeros of regular,

uniform, Wigner, Weyl, Karamata and hypergeometric types are explicitly identified. Some
illustrative examples are given.

Keywords:

Lauricella function
Orthogonal polynomials
Zeros

Asymptotics

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

It is an usual way of working in quantum many-body physics to transform the Hamiltonian operator of a physical system
into an N-dimensional Jacobi matrix by means of the Lanczos algorithm or any of its numerous variants [ 1,2]. It is also known
that for a general N x N Jacobi matrix the characteristic polynomials of the principal submatrices form a set of orthogonal
polynomials {P, (x)}l,:’:1 which satisfy the recurrence relation

Pa(X) = (X — ap) Pp1(x) — b2 Py 2(x), n=1,2,...
P_i(x) =0, Po(x) =1,

where a, and b, are the Jacobi entries. It happens that the zeros of these orthogonal polynomials denote the energies of the
levels of the physical system [3]. Here, following [4,5], we consider the class of systems of orthogonal polynomials defined
by a recurrence relation of the previous type with coefficients satisfying the asymptotic conditions

(1)

. o . by . Oont .
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where A, = g(n) is a regular varying function with exponent « > 0. A regular varying function with exponent « can be
written [6] as g(x) = x*L(x) where L : RT — R is a function which satisfies lim,_, o, L(xt)/L(x) = 1.

Associated with orthogonal polynomials of this type, with bounded (A, = 1 ora = 0 and L(x) = 1) and unbounded
(¢ > 0) coefficients there exist a great variety of physical systems [7,8,2,9].
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2. Background and notations

For each polynomial P,(x), as defined by the recurrence (1), we consider its contracted and normalized zero counting

measure
1< Xj
= - 8 J—“)
Ln n ; (An

where x; ., = 1, ..., n) are the zeros of P,(x), §(x; »/An) denotes the Dirac point mass at the scaled zero x; ,/A, and the
scaling factor A, is the nth element of the regular varying sequence such that the asymptotic behaviour shown in (2) holds
true. It could be interesting to remark that when the family {P,(x)}, satisfies a holonomic linear second order differential
equation, the corresponding scaling factor can be obtained in terms of the coefficients characterizing such an equation
(see [10] for details).

Our aim here is to express in terms of higher order hypergeometric Lauricella functions the corresponding asymptotic
contracted measure of zeros for the sequence {P,(x) }2’21 to be denoted by p, i.e. a probability measure that satisfies

tim [ fdo = / Fdp
n—oo

for every continuous function f on R that vanishes at co. For this purpose, let us first introduce the following parameters
(to be used throughout the paper)

; 12 1

B = [4 (a1 — @2)* + (B +,32)2} o v=5tm),
: . (3)

5= |:4 (Ol] - (X2)2 + (,81 - ﬂZ)Z:I ’

where «; and §; (i = 1, 2) are the limits given in the above expressions (2). On doing this, the following well known result
of van Assche [4] will play a essential role:

Proposition 1 (Theorem 4 (iii), [4]). Let {P,(x)}72.; be an orthogonal polynomial sequence satisfying the recurrence (1), such that
the a, and b, coefficients behave asymptotically as in (2). Then,
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for every continuous function f. Here:

() {An}nen is a regularly varying sequence with exponent « > 0.
(b) B, v and § are the numbers defined in (3).

© Fsuv) =21 [* i Tp(t)dt, with B = [—v, —u] | [u, v] being

o0 (v2_t2)1/2 (t2_u2)1/2

_J1 ifteB
I(6) = {0 otherwise.
On the other hand, the Fp-Lauricella function of order n is defined by the series (cf. [11])
£ [a;bl,...,bn;c]_ i (a,my+ -+ my)(by, my) -+ (by, myp) X"+ - X0 5)
b X1,y Xp . o (c,my+---+mpmy! ...my,!
where (a,j) = (a); stands for the Pochhammer symbol. Among others, this function satisfies the following reduction
properties:
(a) If two variables coincide (e.g. x; = x;+1) then
m|aiby,....bi1,bi, by, ... bysc| _ po—n|asbr, ... by, bi+ b, ..., by c
Fp ' _ i =F, ' i . (6)
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(b) In particular, the Lauricella function of two arguments (F,;D ) reduces to the so-called Appell hypergeometric function
Fi:

a;by,by;c
F[(>2)|: x:,xj ] = Fila, by, by; ¢; X1, X2], (7)
where the notation of [ 12] for F; is used.

With this background at hand, we are now in a position to show how the Lauricella F,;S) function appears when trying to
obtain the aforementioned asymptotic contracted measure of the zeros.
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