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a b s t r a c t

In this paper we consider the numerical differentiation of functions specified by noisy data.
A new approach, which is based on an integral equation of the first kind with a suitable
compact operator, is presented and discussed. Since the singular system of the compact
operator can be obtained easily, TSVD is chosen as the needed regularization technique
and we show that the method calls for a discrete sine transform, so the method can be
implemented easily and fast. Numerical examples are also given to show the efficiency of
the method.
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1. Introduction

Numerical differentiation is a problem to determine the derivative of a function from the values on an interval or some
scattered points. It arises frommany scientific researches and applications, e.g., the identification of the discontinuous points
in an image process [1]; the problem of solving the Abel integral equation [2]; the problem of determining the peaks in
chemical spectroscopy [3] and some inverse problems in mathematical physical equations [4]. The main difficulty is that
it is an ill-posed problem, which means that small errors in the measurement of a function may lead to large errors in
its computed derivatives [5,4]. A number of techniques have been developed for numerical differentiation [6–8,4,9]. One
type of method is to transform the differentiation problem into an operator equation of the first kind. In fact, for given
g(t) ∈ H1[0, 1], to find f = Dg = g ′ is equivalent to solve the Volterra integral equation of the first kind

(K1f )(s) =
∫ s

0
f (t)dt = g(s)− g(0), s ∈ [0, 1]. (1.1)

In this paper we will point out the disadvantage of operator K1 and a new operator which is a modified form of K1 will be
presented. Since a singular system of the new operator can be obtained easily, it seems natural to use the TSVD method for
this problem and good results may be expected. A convergence result, analogous to the literature [4], will be obtained by
our method. Comparing with the Tikhonov regularization method used in [4], the regularization parameter can be obtained
easily by TSVD method. Moreover, it is well known that the Tikhonov method has a finite saturation index, which means
that it is impossible to improve the convergence rates of the regularization solutionwith increasing smoothness assumption
of exact solutions. But for TSVD method this disadvantage will be overcome. Moreover, we will point out that our method
calls for a discrete sine transform when the noisy values of the function to be differentiated at the nodes are given, so the
method can be implemented easily and fast.
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The paper is organized as follows. The disadvantage of operator K1 will be pointed out in Section 2, and in Section 3 an
improved operator will be presented and its properties will be discussed. In Section 4, algorithms based on TSVDmethod for
numerical differentiation are proposed and analyzed. The numerical implement of themethodwill be discussed in Section 5,
some numerical examples are also given to show the efficiency of the new method.

2. A classical operator and its disadvantage

In some papers, numerical differentiation is considered as a Volterra integral equation of the first kind: [5,9]

(K1f )(s) =
∫ s

0
f (t)dt = g(s)− g(0) =: g(s), s ∈ [0, 1] (2.1)

where K1 : L2[0, 1] → H1[0, 1] ⊂ L2[0, 1] is a compact operator. Instead of g , in practice we usually only have perturbed
data gδ . And the conditions

‖gδ − g‖ ≤ δ (2.2)

gδ(0)− g(0) = ε, |ε| ≤ C1δ (2.3)

are assumed with δ being a known error level and C1 a constant. The perturbed form of Eq. (2.1) is

(K1f )(s) = gδ(s), (2.4)

where

gδ(s) = gδ(s)− gδ(0). (2.5)

The self-adjoint operator K ∗1 K1 can be given as

(K ∗1 K1f )(r) =
∫ 1

r

∫ s

0
f (t)dtds, r ∈ [0, 1]. (2.6)

It can be verified that the eigen problem K ∗1 K1e = λe is equivalent to{
λe′′ + e = 0
e(1) = e′(0) = 0 (2.7)

and the solution is

λj =
4

(2j− 1)2π2
, ej = ej(t) =

√
2 cos λ−1/2j t, j ∈ N.

Therefore the singular values and the corresponding singular functions of the operator K1 can be taken as [5]

σj = λ
1/2
j =

2
(2j− 1)π

,

vj = ej,=
√
2 cos σ−1j t, uj = σ−1j Kvj =

√
2 sin σ−1j s, j ∈ N.

(2.8)

In the following we discuss the generalized smooth scale of a function with respect to the operator K1, which is a key index
concerning convergence rates of a regularizationmethod [5]. We need some results of Fourier series. For a periodic function
φ(t)with period 2l, its Fourier series has the form

φ(t) ∼
a0
2
+

∞∑
j=1

(
aj cos

jπ t
l
+ bj sin

jπ t
l

)
,

or

φ(t) ∼
∞∑

j=−∞

cjejπ it/l,

where

aj =
1
l

∫ l

−l
ϕ(t) cos

jπ t
l
, j = 0, 1, 2, . . .

bj =
1
l

∫ l

−l
ϕ(t) sin

jπ t
l
, j = 1, 2, . . .

cj =
1
2
(aj − ibj), b0 = 0, a−j = aj, b−j = −bj.
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