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a b s t r a c t

In this paper, the authors propose a Nyström method to approximate the solutions of
Cauchy singular integral equationswith constant coefficients having a negative index. They
consider the equations in spaces of continuous functions with weighted uniform norm.
They prove the stability and the convergence of the method and show some numerical
tests that confirm the error estimates.
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1. Introduction

Let us consider the following Cauchy singular integral equations with constant coefficients

af (y)vα,β(y)+
b
π

∫ 1

−1

f (x)
x− y

vα,β(x)dx+ µ
∫ 1

−1
k(x, y)f (x)vα,β(x)dx = g(y), (1)

where |y| < 1, a, b ∈ R are constants such that a2 + b2 = 1, b 6= 0, µ ∈ R and k and g are given functions on (−1, 1)2
and (−1, 1), respectively. The function f is the unknown of the equation and vα,β(x) = (1− x)α(1+ x)β is a Jacobi weight
whose exponents−1 < α, β < 1 are given by

α = M −
1
2π i

log
(
a+ ib
a− ib

)
, β = N +

1
2π i

log
(
a+ ib
a− ib

)
,

withM and N integers chosen so that χ = −(α + β) = −(M + N) is restricted to χ ∈ {−1, 0, 1}.
This kind of integral equation appears in several problems of applied sciences and a wide literature on this topic is

available. Among them, wemention the fundamental books and papers [1–12] and the references therein. Recently, in [13],
such class of equations with index χ ∈ {0, 1}were considered in spaces of continuous functions with uniform norm. Using
the regularization method [8,10,11], Fredholm equations are obtained and they are solved using projection-type methods.
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In this paper, we consider equations of the form (1) with index χ = −1 in spaces of continuous functions with uniform
norm. The numerical treatment of Cauchy singular integral equations in case of negative index has not been so widely
developed in literature ([14,6] see also [5,12]). The linear system derived from direct methods (for instance quadrature,
collocation or discrete collocation) is overdetermined and, then, it becomes necessary to exclude one of the equations.
However, the criteria used in choosing such an equation are not clear.
In the sequel, in order to fix the ideas, we shall consider Cauchy singular integral equations of the following type

(Df )(y)+ µ(Kf )(y) = g(y), |y| < 1, (2)

where µ ∈ R and the operators D and K are defined as

(Df )(y) = cos(πα)f (y)vα,1−α(y)−
sin(πα)
π

∫ 1

−1

f (x)
x− y

vα,1−α(x)dx, (3)

(Kf )(y) =
∫ 1

−1
k(x, y)f (x)vα,1−α(x)dx, (4)

respectively, with α ∈ (0, 1). In other words, we take the constant coefficients a and b appearing in (1) as a = cos(πα) and
b = − sin(πα), respectively. The other possible choice is a = − cosπα, b = sinπα and, in this case, what follows can be
repeated word by word.
Following [13,15], the procedure we propose here consists in reducing (1), under suitable assumptions on k and g , to

an equivalent regularized Fredholm integral equation and in solving the latter by a Nyström-type method. This approach,
based on some mapping properties of the dominant operator D related to Eq. (1) (see Section 2.2), permits the solution of a
determined and well conditioned linear system.
This paper is organized as follows. In Section 2 we introduce some function spaces and show some mapping properties

of the operators D and K . In Section 3 we describe the numerical method, and in Section 4 we focus on the computational
aspects. In Section 5 we prove the results stated in Sections 3 and 4. Finally, in Section 6 we give some numerical tests.

2. Preliminaries

In this paper, C will denote a positive constant which may have different values in different formulas. We will write
C 6= C(a, b, . . .) to say that C is independent of the parameters a, b, . . . . If A, B ≥ 0 are quantities depending on some
parameters, we will write A ∼ B, if there exists a positive constant C independent of the parameters of A and B, such that
B
C
≤ A ≤ CB.

2.1. Functional spaces

We are going to consider the integral equations (2) in the space

Cv =
{
f ∈ C0((−1, 1)) : lim

|x|→1
(f v)(x) = 0

}
,

where C0(A) is the collection of the continuous functions in A ⊂ [−1, 1] and v(x) := vρ,θ (x) = (1− x)ρ(1+ x)θ , ρ, θ ≥ 0,
is a Jacobi weight.
In case ρ = 0 (respectively, θ = 0) Cv consists of all continuous functions on (−1, 1] (respectively, [−1, 1)) such that

lim
x→−1

(f v)(x) = 0
(
respectively, lim

x→1
(f v)(x) = 0

)
.

In the case where ρ = θ = 0, we set Cv = C0([−1, 1]). The space Cv equipped with the norm

‖f ‖Cv := ‖f v‖ := max
|x|≤1
|(f v)(x)|

is complete. Sometimes, for brevity of notations, we shall write ‖f ‖A := maxx∈A |f (x)|, for A ⊆ [−1, 1].
In the sequel we will also consider functions belonging to the Zygmund space Zr(v) defined as follows

Zr(v) =

{
f ∈ Cv : sup

t>0

Ωkϕ(f , t)v
t r

< +∞, k > r > 0

}
, r ∈ R+, k ∈ N,

by means of the main part of the modulus of continuity [16]

Ωkϕ(f , t)v = sup
0<h≤t

‖(1khϕ f )v‖Ih,k ,
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