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Abstract

In this paper, we discuss two variants of Newton’s method without using any second derivative for solving nonlinear equations.
By using the majorant function and confirming the majorant sequences, we obtain the cubic semilocal convergence and the error
estimation in the Kantorovich-type theorems. The numerical examples are presented to support the usefulness and significance.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

It is a fundamental problem in computational mathematics for solving a nonlinear equation:
f(x)=0, (1.1)

where f(x) is continuously differentiable and f’(x) # 0 in a neighborhood of a real root x*. The well-known Newton’s
method approximates the root with quadratic convergence as the following (see [4]):

)
S (xn) '

where x( is some initial guess of the root.
In this paper, we consider a variant of Newton’s method (see [5]):
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Xp41 = Xp n=0,1,2,..., (1.2)

n=0,1,2,..., (1.3)

Xn+1 = Xn —
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]{,(&”)) is the intermediate result from an iteration of Newton’s method (1.2). And we also consider

another variant of Newton’s method:

. i 2 (xn)
(f (xn) — f(x;,k+1))f/(xn) '
which was called Newton—Secant iteration in [5]. Each of them uses one more evaluation of the function to accelerate

Newton’s iteration. Their cubic convergence and error equations had been obtained.
Scheme (1.3) can be recognized as a two-step method as the following:

* f— —
where x) 11 =Xn

Xpt1 = Xp n=0,1,2,..., (1.4)

S (xn)
Yn = Xp — m,
(1.5)
Xnl = Yn — S )
" " f/(xn)-
And scheme (1.4) is rewritten as the following:
Vo = X — S ()
S (xn) (1.6)
Xpal = Yo — F ) fn)
T (F ) = FOOF G

Other methods that use the derivative f/(x) to accelerate the Newton’s iteration were discussed in [1,3,6]. And
single-step methods that use the second derivative f”(x) to reach cubic convergence were discussed in [2]. They take
N and N? more operations than that of (1.3) or (1.4), respectively, supposed that f(x) = 0 is a system of N nonlinear
equations.

Assume that the function f(x) is defined in an open convex set D, f : D C R — R. Let the majorant function be

K t n
h(t) = —1* — — + =, (1.7)
2 b
where K, 5 and 5 are positive constants, such that
100 B 1 o)l <% for an xo € D, (18)
and
If'(x) = f'DWI<K|x —yl, V¥x,yeD. (1.9)
We have
Lemma 1.1. Ifo= K fin< %, then the function h(t) has positive real roots t* and t**, and
1 —/1—=2 1 1+4J/1-=2
n<t*=—“n<K_ﬁ, P = TV T (1.10)
o o

By using the majorant functions and confirming the majorant sequences for the two-step methods (1.5) and (1.6),
we prove their cubic semilocal convergence and obtain the Kantorovich-type theorems too complete the convergence
theories for (1.3) and (1.4) in the following sections.

2. Cubic semilocal convergence of (1.3)

By using scheme (1.5) to find the root of (1.7), we have
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