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Constrained degree reduction of polynomials in Bernstein–Bézier
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Abstract

In this paper we show that the orthogonal complement of a subspace in the polynomial space of degree n over d-dimensional
simplex domain with respect to the L2-inner product and the weighted Euclidean inner product of BB (Bézier–Bernstein) coefficients
are equal. Using it we also prove that the best constrained degree reduction of polynomials over the simplex domain in BB form
equals the best approximation of weighted Euclidean norm of coefficients of given polynomial in BB form from the coefficients of
polynomials of lower degree in BB form.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Degree reduction of Bézier curves is one of the important problems in CAGD (computer aided geometric design)
or the approximation theory. In general, degree reduction cannot be done exactly, so that it invokes approximation
problems. Thus many papers dealing with the degree reduction have been published in the recent 30 years. They
are classified by different norm in which the distance between polynomials is measured, e.g., in L∞-norm [8,14],
in L2-norm [16,17,20], in L1-norm [13] or in Lp-norm [6,12], etc. Furthermore, the constrained degree reduction
of Bézier curves with Ca−1-constraint at boundary points is developed in many previous literature [1,2,5,7,9,11,15,
18–20,22–25].

Especially, Lutterkort et al. [20] showed that the best degree reduction of polynomial f of degree n over the triangular
domain in L2-norm is equivalent to the best approximation of the vector of BB coefficients of f from all vector of BB
coefficients of degree elevated polynomials of degree less than n in the Euclidean norm of the vector. Furthermore,
Peters et al. [21] extended the result to polynomials over d-dimensional simplex domain. Ahn et al. [4] extended the
result of Lutterkort et al. to the case of constrained degree reduction, and Ahn [3] extended the result of Peters et al. to
the case of the constrained degree reduction over triangular domain. In this paper we extend the results above to the case
of constrained degree reduction over the d-dimensional simplex domain. We propose an weight which is an extension
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of the weights in Ahn et al. [4] and in Ahn [3]. We expect that the weight proposed in this paper plays an important
role in Bernstein–Bézier representation of the constrained Legendre polynomials [10] over the d-dimensional simplex
domain.

In Section 2, we first show that the orthogonal complement of a subspace in the constrained polynomial space of
degree n over the simplex domain with respect to L2-inner product and the weighted Euclidean inner product of BB
coefficients are equal for some weights. In Section 3, using the fact we also prove that the best constrained degree
reduction of f of degree n over the simplex domain in L2-norm is equal to the best approximation of the vector of
coefficients from all vectors of coefficients of degree elevated polynomials with the constraint in weighted Euclidean
norm of vectors.

2. Equivalence of orthogonal complements

Let Pn be the linear space of polynomials of degree less than or equal to n. It is convenient to introduce the compact
notation � = (�1, . . . , �d) to denote d-dimensional multiple of nonnegative integers, and we write |�| = �1 + · · · + �d .
The Bernstein basis of degree n over the d-dimensional simplex domain � is denoted by

Bn
�(x) =

(
n

�

)
x�

(
1 −

d∑
i=1

xi

)n−|�|
, |�|�n,

where x = (x1, . . . , xd) ∈ � and x� = x
�1
1 · · · x�d

d . Thus Pn has exactly (n + d)!/d!n! basis functions. We collect the
basis functions in simplicial arrays of size n

Bn := [Bn
� ]|�|�n

and with b = [b�]|�|�n a simplicial array of reals we write polynomials in BB form as

Bnb =
∑

|�|�n

Bn
�b�.

For the nonnegative integer a�n/(d + 1), Pa
m is denoted by the linear space of the constrained polynomials of degree

less than or equal to m over the simplex domain � as follows:

Pa
m = {Bnb ∈ Pm : b� = 0 for � ∈ J a

n },
where I a

n and J a
n are the sets of d-dimensional multi-index � such that

I a
n = {|�|�n : �1 �a, . . . , �d �a, |�|�n − a},

J a
n = {|�|�n : � /∈ I a

n }.
Then Pa

m has exactly (k + d)!/k!d! basis functions, where k = n − (d + 1)a. We also have

f ∈ Pa
m ⇔ f (x) = xa

(
1 −

d∑
i=1

xi

)a

g(x)

for some g ∈ Pk . For m < n and a�m/(d + 1), let

Qa
m = {f (x) ∈ Pm : f (x) = 0 for x1, . . . , xn, n − |x| = 0, . . . , a − 1},

which was also introduced for one or two variables by Ahn et al. [4,3]. Note that Pm = P0
m = Q0

m. We consider the
Lagrange polynomials characterized by

Qn
�(�) = ��,�, |�|, |�|�n.

Peters and Reif [21] was already introduced the notation of the Lagrange polynomials Qn
�. We collect the basis functions

in simplicial arrays of size n

Qn := [Qn
�]|�|�n
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