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Abstract

Some new explicit bounds on solutions to a class of new nonlinear Volterra–Fredholm-type discrete inequalities are established,
which can be used as effective tools in the study of certain sum–difference equations. Application examples are also indicated.
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1. Introduction

In the study of ordinary differential equations, integral equations and difference equations, one often deal with certain
integral inequalities. The Gronwall–Bellman inequality [9,2] and its various linear and nonlinear generalizations are
crucial in the discussion of the existence, uniqueness, continuation, boundedness, oscillation and stability and other
qualitative properties of solutions of differential and integral equations. The literature on such inequalities and their
applications is vast; see [1,19,22] and the references therein. A specific branch of this type integral inequalities is
originated by Ou-Iang. In his study of boundedness of solutions to linear second order differential equations, Ou-Iang
[20] established and used the following nonlinear integral inequality, which is now known as Ou-Iang’s inequality in
the literature.

Theorem A (Ou-Iang [20]). Let u and f be real-valued, nonnegative, and continuous functions defined on R+ =
[0, +∞) and let c�0 be a real constant. Then the nonlinear integral inequality

u2(t)�c2 + 2
∫ t

0
f (s)u(s) ds, t ∈ R+

implies

u(t)�c +
∫ t

0
f (s) ds, t ∈ R+.
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While Ou-Iang’s inequality is having a neat form and is interesting in its own right as an integral inequality, its
importance lies equality heavily on its many beautiful applications in differential and integral equations (see, e.g., [22]).
Since this, over the years, many generalizations of Ou-Iang’s inequality to various situations have been established;
see, for example, [3–7], [11–18], [21–25] and the references cited therein.

Among various generalizations of Ou-Iang’s inequality, discrete analogue is also an interesting direction. The point is,
similar to the noteworthy contributions of the continuous version of the inequality to the study of differential equations,
one naturally expects that discrete versions of the inequality should also play an important role in the study of difference
equations. In this respect, fewer results have been established. Recent results in this direction include the works of
Pachpatte [21], Pang–Agarwal [23], Ma [13], Meng–Li [17], Cheung [3], Cheung–Ren [7], and Ma–Cheung [14].

The aim of the present paper is to give some explicit bounds to some new nonlinear discrete inequalities involving
two-variable functions which, on the one hand, generalize Ou-Iang’s inequality to Volterra–Fredholm form at the first
time to literatures as we know and, on the other hand, give a handy and effective tool for the study of quantitative
properties of solutions of sum–difference equations. We illustrate the usefulness of these inequalities by applying them
to study the boundedness, uniqueness, and continuous dependence of the solutions of certain Volterra–Fredholm-type
sum–difference equations.

2. Nonlinear discrete inequalities

Throughout this paper, I := [m0, M) ∩ Z and J := [n0, N) ∩ Z are two fixed lattices of integral points in R, where
m0, n0 ∈ Z, M, N ∈ Z ∪ {∞}. Let � := I × J ⊂ Z2, R+ := [0, ∞), R1 := [1, ∞) and for any (s, t) ∈ �, the
sub-lattice [m0, s] × [n0, t] ∩ � of � will be denoted as �(s,t).

If U is a lattice in Z (resp.Z2), the collection of all R-valued functions on U is denoted by F(U), that of all R+-
valued functions by F+(U), and that of all R1-valued functions by F1(U). For the sake of convenience, we extend the
domain of definition of each function in F(U) and F+(U) trivially to the ambient space Z (resp.Z2). So, for example,
a function in F(U) is regarded as a function defined on Z (resp.Z2) with support in U. As usual, the collection of all
continuous functions and all i-times continuously differentiable functions of a topological space X into a topological
space Y will be denoted by C(X, Y ) and Ci(X, Y ), respectively.

If U is a lattice in Z2 , the partial difference operators �1 and �2 on u ∈ F(Z2) or F+(Z2) are defined as

�1u(m, n) = u(m + 1, n) − u(m, n), (m, n) ∈ U ,

�2u(m, n) = u(m, n + 1) − u(m, n), (m, n) ∈ U .

For w ∈ C(R+, R+), the function G1 is defined as

G1(v) =
∫ v

v0

ds

w(s)
, v�v0 > 0.

Theorem 2.1. Suppose that u and a ∈ F+(�), k�0 constant and w ∈ C(R+, R+) is nondecreasing with w(r) > 0
for r > 0;

G1(∞) =
∫ ∞

v0

ds

w(s)
= ∞

and

H1(t) = G1(2t − k) − G1(t) (2.1)

is strictly increasing for t �k.
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