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Abstract

In this paper, dual functionals with local supports to the univariate B-splines are constructed by symmetrization,
which are a linear combination of function values.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Let ¢t := (#;) be nondecreasing with #; < ;1,41 for all i. The B-spline N; of order n 4+ 1 and knots
iy tig1, .., titnyl is defined by

Ni(t) = (tign1 — Dty oo tignr1 1 — DL

Since (x — )" = (x — )L + (= 1)"(t = X)L, Ni(®) = (= 1" (tipns1 — t)[ti, .., tigns11(t — )% For
apolynomial p(t) =ag + ait +--- + ayt" = Zzzoakt", its blossom is defined as follows:

n k
t
B(p)(ty, ..., t =E ar =,
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where ¢ is a combinatory number and will be used hereafter and 0, ¢}, ..., " are the elementary
symmetric polynomials of #g, 1, ..., 1,

=1, tl=0+- 41,

=t + 0634 Fly iy, =1t 1y,

In [3], the following polarization identity is given:

1 1
Bp)(t, -t =— ) <—1>”k"p<§2ti>.

T SC{1,2,...,n},|S|=k ieS

Marsden’s identity plays an important role in the construction of approximation operators of splines. It
is as follows: for any k, n € N, and for any knot sequence HF>® S (x—0)"= Y0 (X)N; (1), wi(x) =

i+n =
[TiZip1(x — 1), or
n
p) =Y at* =" B(p)(tit1, ... tisn)Ni(0).
k=0 i

From Marsden’s identity, the following well-known results with respect to de Boor-Fix functionals can
easily be obtained [2].

Theorem 1.1. Any polynomial of degree at most n has the B-spline expansion

P = Ji(p)Ni(0),

where
n+1
7 (p)=Ai(p.x) =Y (=1 V) pr=m () v e R,
m=1
by = 2,
n.

Any spline s(t) =) _;c; N;(t) has the B-spline expansion
s =Y Jils, N (1) V& € (i, liyns).
i
The latter de Boor—Fix functionals are dual functionals with local support to B-splines, i.e. supp 7; <
[ti, tivn+1], 4i(Nj) = 0ij.

A direct construction of the functionals (/;) dual to the B-spline basis (N;) may proceed as follows:
given 4 = (;), t; € [a, b], let h; be a function such that h; € C"*ta; b] and

hi(tj)) =0, j<i+n; hi(t;))=y;;), j=i+]1,
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