Available online at www.sciencedirect.com

sclsucs(dmnswr@ JOURNAL OF
COMPUTATIONAL AND
APPLIED MATHEMATICS
ELSEVIER Journal of Computational and Applied Mathematics 192 (2006) 251—269

www.elsevier.com/locate/cam

Solutions to two functional equations arising in
dynamic programming

Zeging Liu?, Yuguang Xu®, Jeong Sheok Ume®*, Shin Min Kang!

3 Department of Mathematics, Liaoning Normal University, P.O. Box 200, Dalian, Liaoning 116029, PR China
bDepartment of Mathematics, Kunming Teacher’s College, Kunming, Yunnan 650031, PR China
¢Department of Applied Mathematics, Changwon National University, Changwon 641-773, Korea
dDepartment of Mathematics and Research Institute of Natural Science, Gyeongsang National University,
Chinju 660-701, Korea

Received 1 September 2004; received in revised form 28 April 2005

Abstract

This paper deals with the existence, uniqueness and iterative approximation of solutions for two functional equa-
tions arising in dynamic programming of multistage decision processes. The results presented in this paper extend,
improve and unify the results due to Bellman, Bhakta and Choudhury, Bhakta and Mitra, Liu, Liu and Ume and others.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The purpose of this work is to discuss the existence of solutions for the following two functional
equations arising in dynamic programming of multistage decision processes:

fx)= Oplt){P(x, »+ Ay, flax, )} x€S (1.1)
ye
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and
fx) = Ong{p(x’ y)+qx,y)flalx,y))
ye
+opt{r(x, y), s(x, y) f(b(x, y)), t(x,y) flc(x,y)}}, x €S, (1.2)

where opt denotes the sup or inf, x and y stand for the state and decision vectors, respectively, a, b and ¢
represent the transformations of the processes, and f (x) denotes the optimal return function with initial
state x.

Several existence and uniqueness results of solutions for some special cases of the functional equations
(1.1) and (1.2) have been established in [1-7,9—12]. Bellman [2,3] was the first to investigate the existence
and uniqueness of solutions for the functional equations below

S ) =in€1£ max{r(x, y),s(x, y) f(b(x,y)}, x€S (1.3)
and

fx) = in};max{r(x, ), f(b(x,y)}, x¢€S (1.4)
ye

in a complete metric space BB(S). Bellman and Roosta [5] studied the iterative approximation of solutions
for the functional equation

f )= max {p(x,y) +q(x,y)flalx, y))}. (1.5)

YeES(x)
Bellman and Lee [4] pointed out that the basic form of the functional equations of dynamic programming
is as follows:

S = Sug{A(x, y, fla(x,y))}, x€S. (1.6)
ye

Bhakta and Mitra [7] obtained the existence and uniqueness of solutions for the functional equations

fx) = sug{p(x, y)+A(x,y, flalx,y))}, x€S§ (1.7)
ye

in a Banach space B(S) and

fx)= Sug{P(x, y)+ flalx,y)}, xe€S (1.8)
ye

in BB(S), respectively. Bhakta and Choudhury [6] established the existence of solutions for the functional
equations (1.3) and (1.4) in BB(S). Recently, Liu [11] and Liu and Ume [12] investigated properties of
solutions for the functional equations (1.4) and

fx)= Oplt){oc[l?(x, y)+ fla(x, y)l+ (1 —aopt{r(x, y), f(alx, y)}}, x €S, (1.9)
ye

where o is a constant in [0, 1], in BB(S).

This paper is divided into four sections. In Section 2, we recall some basic concepts, notations and
lemmas, and establish a lemma that will be needed further on. In Section 3, we utilize the fixed-point
theorem due to Boyd and Wong [8] to establish the existence, uniqueness and iterative approximation
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