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A circular interpretation of the Euler–Maclaurin formula�
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Abstract

The present work makes the case for viewing the Euler–Maclaurin formula as an expression for the effect of a
jump on the accuracy of Riemann sums on circles and draws some consequences thereof, e.g., when the integrand
has several jumps. On the way we give a construction of the Bernoulli polynomials tailored to the proof of the
formula and we show how extra jumps may lead to a smaller quadrature error.
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1. Introduction

In the present work we discuss the approximation of the definite integral

I :=
∫ L

0
f (x) dx

of a (piecewise) smooth function f from an equidistant sample of its values by the (composite) trapezoidal
rule [6–10,15]:

Tf (h) := h

[
f (0)

2
+

N−1∑
k=1

f (kh) + f (L)

2

]
, h := L

N
, N ∈ N.
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The appraisal of the error Tf (h) − I , and the basis of one approach to Romberg extrapolation, is the
standard Euler–Maclaurin formula (EMF) given in the following theorem [10]. Throughout this paper,
f (j) will denote the jth derivative of f and Cq[a, b] the set of all q-times continuously differentiable
functions on [a, b].
Theorem 1 (EMF for the trapezoidal rule). Let f ∈ C2m+2[0, L] for some m�0. Then, for every
N ∈ N and with h := L/N , the error of the trapezoidal rule may be written as

Tf (h) − I = a2h
2 + a4h

4 + · · · + a2mh2m + L
B2m+2

(2m + 2)! f (2m+2)(�)h2m+2 (1.1)

for some � ∈ [0, L], where

a2j := B2j

(2j)! [f (2j−1)(L) − f (2j−1)(0)] (1.2)

and with B� denoting the �th Bernoulli number.

The speed of convergence of Tf (h) toward I as h ↓ 0 is thus determined by the differences between
the derivatives of odd orders at the extremities of the interval: in general, i.e., without the special property
f ′(L) = f ′(0), one has O(h2)-convergence; every equality of another odd order derivative eliminates a
further h2j -term. The method is therefore especially efficient when f is L-periodic and in C2m+2(−∞, ∞)

[16]. Notice that � varies with h and that the h2-behavior of the error may show up only once h is small
enough.

The question we address here is the following: how do we understand the fact that for h small enough
the integration error almost solely depends on differences in the behavior of the function at the extremities
and not on what happens in-between?

Our answer is to view the trapezoidal rule as a Riemann sum on a circle. This interpretation considers
the values of f and its derivatives at the extremities as the left and right limits at a jump and explains why
they govern the accuracy; it also leads to a generalization of the formula to functions with several jumps.

Note that, when the derivatives at the extremities are known, one may use them in (1.1) to construct
quadrature rules with higher orders of convergence. Such rules may also be obtained without knowledge
of the derivatives by replacing the latter with divided differences [2,13,14].

2. Bernoulli polynomials and Bernoulli numbers

The circle interpretation will yield as a by-product a somewhat simpler proof of the EMF. The Bernoulli
polynomials (BP) are an essential ingredient of all such proofs (the Bernoulli numbers are the values of
the BP at zero). They are usually described at the onset, without connection to the EMF. We shall instead
construct them as recursive integrals of the constant 1 with just the right properties for a self-contained
proof.

Let us first give a flavour of the latter. The trapezoidal sum is obtained from an integration by parts of
f (x)=f (x)1 over each subinterval [kh, (k + 1)h], where the primitive of 1 is the line x − ck connecting
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