
J. Math. Pures Appl. 105 (2016) 745–787

Contents lists available at ScienceDirect

Journal de Mathématiques Pures et Appliquées

www.elsevier.com/locate/matpur

An epiperimetric inequality approach to the regularity of the free 

boundary in the Signorini problem with variable coefficients

Nicola Garofalo a,∗,1, Arshak Petrosyan b,2, Mariana Smit Vega Garcia c,3,4

a Dipartimento d’Ingegneria Civile e Ambientale (DICEA), Università di Padova, via Trieste 63, 
35131 Padova, Italy
b Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA
c Fakultät für Mathematik, Universität Duisburg-Essen, 45117 Essen, Germany

a r t i c l e i n f o a b s t r a c t

Article history:
Received 15 January 2015
Available online 1 December 2015

MSC:
35J35
35J20
35J65

Keywords:
Signorini problem
Regularity of free boundaries
Weiss-type monotonicity formula
Epiperimetric inequality

In this paper we establish the C1,β regularity of the regular part of the free boundary 
in the Signorini problem for elliptic operators with variable Lipschitz coefficients. 
This work is a continuation of the recent paper [12], where two of us established the 
interior optimal regularity of the solution. Two of the central results of the present 
work are a new monotonicity formula and a new epiperimetric inequality.
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r é s u m é

Dans cet article on établit la régularité C1,β de la partie régulière de la frontière
libre dans le problème de Signorini pour des opérateurs elliptiques à coefficients 
variables lipchitziens. Ce travail est une continuation de l’étude récente [12], 
dans laquelle deux d’entre-nous ont établi la régularité intérieur optimale de la 
solution. Une nouvelle formule de monotonie et une nouvelle inégalité epipérimétrique 
présentent deux résultats fondamentaux de cet article.
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1. Introduction

1.1. Statement of the problem and main assumptions

The purpose of the present paper is to establish the C1,β regularity of the free boundary near so-called 
regular points in the Signorini problem for elliptic operators with variable Lipschitz coefficients. Although 
this work represents a continuation of the recent paper [12], where two of us established the interior optimal 
regularity of the solution, proving the regularity of the free boundary has posed some major new challenges. 
Two of the central results of the present work are a new monotonicity formula (Theorem 4.3) and a new 
epiperimetric inequality (Theorem 6.3). Both of these results have been inspired by those originally obtained 
by Weiss in [21] for the classical obstacle problem, but the adaptation to the Signorini problem has required 
a substantial amount of new ideas.

The lower-dimensional (or thin) obstacle problem consists of minimizing the (generalized) Dirichlet energy

min
u∈K

∫
Ω

〈A(x)∇u,∇u〉dx, (1.1)

where u ranges in the closed convex set

K = Kg,ϕ = {u ∈ W 1,2(Ω) | u = g on ∂Ω, u ≥ ϕ on M ∩ Ω}.

Here, Ω ⊂ R
n is a given bounded open set, M is a codimension one manifold which separates Ω into two 

parts, g is a boundary datum and the function ϕ : M → R represents the lower-dimensional, or thin, 
obstacle. The functions g and ϕ are required to satisfy the standard compatibility condition g ≥ ϕ on 
∂Ω ∩ M. This problem is known also as (scalar) Signorini problem, as the minimizers satisfy Signorini 
conditions on M (see (1.7)–(1.9) below in the case of flat M).

Our assumptions on the matrix-valued function x 
→ A(x) = [aij(x)] in (1.1) are that A(x) is symmetric, 
uniformly elliptic, and Lipschitz continuous (in short A ∈ C0,1). Namely:

aij(x) = aji(x) for i, j = 1, . . . , n, and every x ∈ Ω; (1.2)

there exists λ > 0 such that for every x ∈ Ω and ξ ∈ R
n, one has

λ|ξ|2 ≤ 〈A(x)ξ, ξ〉 ≤ λ−1|ξ|2; (1.3)

there exists Q ≥ 0 such that

|aij(x) − aij(y)| ≤ Q|x− y|, x, y ∈ Ω. (1.4)

By standard methods in the calculus of variations it is known that, under appropriate assumptions on the 
data, the minimization problem (1.1) admits a unique solution u ∈ K, see e.g. [10], or also [19]. The set

Λϕ(u) = {x ∈ M ∩ Ω | u(x) = ϕ(x)}

is known as the coincidence set, and its boundary (in the relative topology of M)

Γϕ(u) = ∂MΛϕ(u)

is known as the free boundary. In this paper we are interested in the local regularity properties of Γϕ(u). 
When ϕ = 0, we will write Λ(u) and Γ(u), instead of Λ0(u) and Γ0(u).
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